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PREFACE.

THE prosent book forms Part 1L of TTe Zlements
of Staties and Dynamics, of which Part L (Statics)
has already been published.

It amms at bemg useful for Schools and the less
advanced students of Colleges, the examples are, 1n
consequence, large in number, and generally of a
numerical and easy character, Except in bwo aiticles
and o few examples at the end of the Chapter on
Projectiles, it 1s only presumed that the student has
a knowledge of Elementary Geometry and Algebra, and
of the Elements of Trigonometry.

It 18 suggested that, on a first reading of the
subjects, all articles marked with an asterisk should
be omitted.

Part 1. and Part Il are, as far as is possible,
independent of one another; hence, any teacher, who
wishes his pupils to commence with Dynamics, may
take Part IL before Part I, by omitting an occasional
article which refers to Statics.

Any corrections of mistakes, or hints for iraprove-
ment, will be gratefully received

S, L. LONEY.

Bakrnes, 8.W.

HMarch, 1891,



PREFACE TO THE TENTH EDITION.

IT having become desirable to re-set the type for a
new Edition, I have taken the opportunity of
thoroughly overhauling the whole book. Its general
scope is unaltered, but I have introduced more graphical
and expenimental work; I have, however, confined
myself to experiments that can be arranged by a
teacher with the simplest of apparatus in an ordinary
class-room

For two new figures on Pages 137 and 175 I am
indebted to the kindness of Dr R. T. Glazebrook, who
allowed me to make use of blocks prepared for his
Mecchanies.

I hope that the additions that have been made will
add to the usefulness of the book.

S. L. LONEY.

Rovar, Horroway CoLLEGE,
E~NeLEFIELD GREEN, SURKEY. ’ '
Jay 15¢h, 1906.



CONTENTS.

DNYNAMICS.

Crar PAOY.
1. Vewears . 1
Tarallelogram ot‘ \'chuuu 7
Relative Velacity w

2 o,
Angular Veloeity i —’-;1'

1L ACCELERATION 25
Paralislogram of Ame\cntmm . an
Relations between 1 £ o, 3, and f 1
Graphic methods P

111, MotioN UNDER GuAVIY . 42
(aliled’s Expermment , .43

Motion on 9 smooth inclined phne PR}

Tines of guickest descent . 5

IV Tug Laws oF Moriox . . 58
The relation P=mf . €3
Thysical independence of me,s . 71
Parallelogram of Fortes . . .oove

V. Tusp LAw3 oF MotIoN. APpuicaTioN To SMPLE

PropLeys . . , 7%

Motion of particles cohnected b) a amna . 76

Motson on a rough mchned plane , . . 83
Aftwood's machine . . ., . 90

VI, Isrvrsk, Worg, a¥p LNERgy . . . 88
HMotion of a shot and gun . B 101
Conservation of energy . 108

. Motion of the eentre of mortm of a s}atcm
of particles . ., . . 17

B



vin CONTENTS,

cmr
VIL  Proseerives . . B . -
Range on an mclmc«l pl:mn
Theoretical proof that the path s a ]\1mbﬂh
LExperimental proof . . .
VIIL CotusioNy or Etastic Bopies
Impsct on a fixed plane
Direct mmpact of two spheres
Oblique mpact of two spheres . . .
Loss of Kinetre Energy by impact

IX. Tue HoboGRAPH AND NORMAL ACCELFRATIONS .

The Conical Pendulum .
Motion of a Railway Cnrnn"(! on a cunnd
portion of the line . . . .

Rotating sphere . . . . . .

X. DMorTIoN ON A SMOQTH CURVE UNDER THE ACTION
OF GRAVITY - . . . .

Galileo's Experiment
Motion on the outside of a vcrtmnl mmlc .
Motion in & vertical aircle .
Newton’s Experiment on the Impact of Elasnc
Spheres . . .
XL Sntere Harvoxie Mm-m\x PENDULUNS .
Time of oscillation of a simple pendulum
Experimental Verification
Determunation of g by means of a slmplo
pendulum . . . .
XII. Unrrs axp Diuesstoss .
Venfication of formulm by countmg the d)mcn-
sions . . . .
TARLE or Dmmsxo\s AXD VALUES OF FUNDa-
MENTAL QUANTITIES .
AMIsCELLANEODS ExaMrrrs . . .

PaoE
120
120
I
136
42
145
148
151
158
165

182
185
186
187

229

230

Axswers ., . e e . i—xiv



DYNAMICS.

CHAPTER L.
VELOCITY.

1. Ir at any instant the position of a moving pamt
be 2, and at any subsequent instant it be ¢, then PQ is
the change in its position in the intervening time,

A poing is said to be mm metion when it changes its
positton. The path of a moving point is the curve drawn
through all the successive positions of the point.

2. Speed. Def. The spced of o moving point is
the rate at which it describes ios path.

A pont is said to be moving with uniform speed when
it moves through equal lengths of its path m equal times,
, however small these times may be.

and so on, s

When, \xmform, the speed of a point is measured by the
distance passed over by 1t in & unit of time; when varjable,
by the'distance which would be passed over by the point in
a unit of time, if it continued to move during that unit of
time with the speed which it has at the instant nnder
consideration.

L D - : 1



2 DYNAMICS

By ks 1ng that 2 tsnm 18 moving with a speed of 40 miles sn bour,
we do not mean that 1t has gone 40 miles 1n the last hour, or that 1t
will go 40 mules 1n the next hour, but that, if 1ts epeed remained
constant for one hour, then 1t would deseribe 40 mules in that hour

When the speed of o point is not uniform, it may be
meagsured at any mnstant as follows, take the distance s
that it describes in the next tenth of a second; then the
ity & g SBAce deseribed
A ‘% time taken
the speed required. For n neaver spproximation, let &, be
the distance described by 1t m the onehundredth of a

, i3 an approximation to

sccond which follows the moment considered, then ~3-,.
00

space describad

Tuns Taken 1 & vearer approximation. A still

fe

PR & .
nearer aApproximation 15 -7, where 3, is the distance

T4
described in the ono—thousandax of & second which follows
the moment under consideration ; and so on, the time being
taken smaller and smaller. By this nteans we obtain a
definite notion of the varring velocity at any instant

In h 11 this ption amonnts to

the following ; Zet & be the length of the portion of the path
described by @ moving point in the small time ¢ following the

3.

instant under

7 then the wltis value qf;—, as

the time ¢ is taken smaller and smaller, 13 the measure of the
speed of the moving point at the instant under consideration,

In a similar way the rate of change of any quantity
(bo it money, population of a country, or speed or snything
elso whoee change can be measured) is the ratio of the
change in that quantity to the small time in which the
change occurs.
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“ 3. The units of length and time usually employed in
England are & foot and a second.

A foot is the third part of a yard. A yard is defined
to be the distance betwecn the centres of two amall gold
plugs inserted in a solid brass bar which is kept at West-
minster.

A day, 1.¢. the time taken by the Earth to rotate once
on its axis, is divided into 24 hours, each hour into 60
minutes and each minute into 60 seconds. Hence the
definition of a second.

In scientific measurements the unit of Jength generally
used is the centimetre, which is the one hundredth part of
& metre. A metre was meant to be defined as one ten-
millionth part of a quadrant of the Earth’s surface, ¢ e. of the
distance from the North Pole to the Equator. In practice
it is the Iength of a certain platinum bar kept in Paris.

One metre =39 37 inches approximately, and therefore
a foot == 30-48 ‘centimetres nearly.

A decimetre is yth, and a millimetre yy5th of a metre.

4. The unit of speed is the speed of a point which
moves uniformly over & unit of length in a unit of time.
Henco the unit of speed depends on these two units, and if

| either, or both of them, be altered, the unit of speed will
also, in general, bo altered.

5. If a point be moving with speed w, then in each
unit of timo the point moves over « units of length,

Henco in ¢ units of time the point passes over u. ¢
unita of length,

Hence the distance s passed over by & point which moves
with speed « for time £ is given hy s=w.

Tt is easy to change a velocity expressed in one et of

1-2



4 DYNGMICS

unmits to other umts, For instance a veloarty of GO miles
per hour is equivalent to

1 mile per minute,

or s e per second,
or 4280 feet per second,
re 88 feet per second

Ex, 1. Shew that tho speed of the eentre of the earth is about
18 5 mules per gecond, assuming that it deseribes a cirele of nuds
93000000 miles 15 365 days.

Ex. 3. Shew that the speed of hight is about 194000 miles per
gecond assuming that 1t takes 8 minotes to desenbe the distance from
the sun to the earth,

6. Displ t. Tho displ of n moving
pownt i its change of position, To know the drsplacement
of a moving point, we must know both the length and the
direction of the line joining the two positions of the moving
point  Hence the displacement of a point involves both ,
magnitude and directjon.

Ex. 1. A man walks 3 mules due east and then 4 miles due

north, shew that lns displacement 1s § miles at an angle tan=14
north of east.

Bx.2, Aship sails 1 mle due south and then /2 miles south-

west; shew thiat its displacement 15 /5 miles 1n o direction tan~13
west of south. -

Ex. 3. A vessel proceeded as follows, all the angles being

7. Velocity. Def. ZI%e evelocity of a morving point
is the rate of its displacement,

A velocity therefore possesses both magnitude and
direction. -



VELOCITY &

A point is said to be moving with uniform velocity,
when it is moving in a constant direction, and passes over
equal lengthy in equal times, however small these times
may be,

When umform, the velocity of a moving point is
measured by its displacement per unit of time; when vari-
able, it is measured, st any instant, by the displacement
that the moving point would have in a unit of time, if it
maved during that umt of tima with the velocity which it
has st the instant under considevation.

As in Art. 2, the velooity of a moving point, when not
uniform, may be obtained by finding its displacements in
the next 1, tivs 1oos-. of & second after the moment
considered, and we thus obtain approximations gradunlly
getting nearer and nearer to the measure required.

Mathematucally, if'd be the displacement of the point in
the small time t jollowing the instant under congideraiion,

then the ultimate value of rast is taken smaller and

smaller, is the velocity at the instapt under consideration,

8. Tt will be noted thst when the moving point is
moving in o straight line, the velocity is the same as the
speed. )

1f the motion be nob in 4 straight line the velocity is

. not the same as the speed. For exn.mple suppose & point
to be descnbmg o cirdle uniformly, so that it passes over
equal fengths of the aro in equal times however small; then
its direction of motion {viz the tangent to the cn-cle) is
different at different points of the ewcumferenca; hence
in this case the velocity of the point (strictly so ('ﬁ]]el])J
is varmble, \vhxlst ite speed m constant.
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9. The magnitude of the umt of velocity is the velocity
of & point which undergoes a displacement equal to a unit
of length 1n a unit of time,

When we say that & moving point has velocity v, we
mean that 1t possesses v umts of velocity, 1., that it would
undergo a displacement, equal to v units of length, in the
unit of time,

If the velocity of a moving point in one direction be
denoted by v, an equal velocity 1n an opposite direction is
necessarily denoted by ~wv.

The expression ft./sec 13 by some writers used to denote
a velocity of one foot per second. Thus “a velocity of
3 ft /sec ” means “‘a velocity of 3 feet per second.” So *a
velocity of 10 em /sec,” means “a velocity of 10 centimetres

per second ™

)10. Since the velocity of a pomt is known when its
direction and magnitnde are both known, we can con-
veniently represcnt the velocity of a moving point by 2
straight line A2, thus, when we say that the velocities of
two moving points are represented in magnitude and
direction by the straight lines AB and €D, we mean that
they move in directions parallel to the lines drawn from
4 to B, and C to D respectively, and with velocities which
are proportional to the lengths 48 and CD.

11. A body may have simultaneously velocities in
two, or more, different directions. One of the simplest
examples of this is when a person walks on the deck of a»
moving ship from one point of the deck to another. He
has one motion with the ship, and another along the deck of
the ship, and his motion in space is clearly diiferent from
what it would have been had either the ship remained at
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rest, or had the man stayed at his original position on the
deck.

Again, consider the case of a ship steaming with its bow
pointing in a constant direction, say due north, whilst a
current carries it in a different direction, say south-east,
and suppose & sailor is climbing a vertical mast of the
ship. The actusl change of position and the velocity of
the sailor clearly depend on three quantities, viz., the rate

* and direction of the ship’s sailing, the rate and direction of
the current, and the rate at which he climbs the mast.
His actusl velocity is sad to be *compounded” of these
three velocities.

In the following article we shew how to find the
velocity which is equivalent to, or compounded of, two
velceities given in magnitude and direction.

12. Theorem. Parallelogram of Velocities.
If a moving pomt possess simullancously velocilies which
ars yey din itude and di by the two sides
of a parallelogram drawn jfrom a point, they are equr-
valent to a velocity twhich i vepresented in magnitude and
direction by the diagonal of the parallelog passing
through the point.

Let the two sinul velocities be ted by
the lines 4 B and AC, and let their mﬂ'vmtudcs be v and v,

Complete the parllelogrm BACD.

Then wo may imagine the motion of the point to be
along tho Itne A B with tho velocity w, whilst the line A2
moves parallel to the fool of the page so that its end A
describes the line .{C with velocity v.  In the unit of time
the moving point will have moved through a distance 424
along the line A2, aud the line A% will have in the same
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time mored 1nto the position €D, so that at the end of the
unit of time the inoving point will be at D).

Now, sinco tho two cvexistent veloaties are constant
in magmtuwde and direction, the
veloaity of the pomt from 4 to D < T
must also be constant in magm- - af
tudo and direction; hence D 12 .
the path doscribed by the moving
pont in the unit of time.

Hence 4D represents in magmtude and direction the
velocity which 1s equivalent to the velocities represented

by 4B and AC.

To factlitate his nnderstanding of the preyious article the student
may look on AC as the direction of motion of n steamer, nInlst AR 1s
n chalked hne, drawn along the deck of the ship, along which a man
18 walking at o uniform rate.

A BE

13. Def. 7he velocity which is equivalent to two or
more telocities is called their resultant, and these velocities
are called the t8 of this resull

The resultant of two velocitics # and » in directions
which are inclined to one another at a given angle a may
be easily obtained.

In the figure of Art. 12, let 4B and A¢ represent
the veloaities % and v, so that the angle BAC is a.

Then we have, by Trigonometry, G

AD'=AB'+ BD*1248 . BD cos ABD.

Hence, if we represent the resultant velocity 4D by w.

we have

' =’ + ¢*+ 2uv cosa, sinco L ABD =7~
Also, if we denote the angle BAD by 6, we have

4B _sin ADB _sin DAG
BD " sn BAD ~ smBAD’
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L sm(a.—ﬂ) sinacos § —cosasind
‘v snd sind

=5 acot ¢ - cosa

#+veosa
. cot f = ——— N
vsina
vsina T,
so that tanf = i

%+ veosa

ence the resullant of tiwo velocities % and v inclined to
one another at an angle a, is a velocity Nw¥+ ¢ ¥ 2uv cosa
viine

inclined at an angle tan™ ity the direction of the

velocily
The direction of the resultant velocity may also be
obtained as follows, draw DX perpendicular to AB to
meet it, produced if necessary, in £; we then have
ED BDsin EBD

tan DAB =25 = 40 BD eos EED
vsina pi
. u-(-vcoqa

14. A velocity can be resolved into two component
velocities in an infinite number of ways. For an infinite
number of parallelograms can be described having a given
line A.D as disgonal ; and, if AZDC ba any one of these,
the velocity 4D is equivalent to the two component veloci-

~ties A B and 40,

The most important ease is when a velocity is to be
resolved into two velocities in two directions at right angles,
one of ‘these directions being given. When we speak of
the component of a velocity in a given direction it is

. stood that the other direction in which the _{ .
is to be resolved is perpendicular to this given 7

PPy

v
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Thus, suppose we wish to resolve s velocity w, repre-
sented by 40D, into two components
at right angles to one another, ope - - - meme,

of theso components being along a !’
lme A5 making an angle § with
AD. o
Draw DB perpendicular to 43, Iéw‘*—-———
and complete the rectangle ABDC

Then the veloaty 4D is equivalent to tho two com-
ponent velocities 48 and 4C. »

/ .ot
Also AB=d4D cosf=ucosb, __/
and AC=BD=ADsinf=using

We thus have the following important

@ B

Theorem. A velocity u is equivalent to a velocity
w cos 8 along a line making an angle 6 1with its own direction
together with a velocity w sin 8 perpendiculur to the direction
of the first component.
The case m which the angle 6 is greater than n right
angle niay be considered as in Statics, Art, 30
~lpx. 1, A man iz walking i a north-easterly duection with a

velocity of 4 miles per hoar; find the components of hig velocity 1n
durections due north and due east respectively,

Am. Each is 2,/2 miles per hour.

1::. 2. A pomt 13 moving in a straight line with a velocity of
10 feet per secand, find the component of 1its velocity in a direction
inelined at an angle of 30° to 1ts direction of motion

Ans. 5/3 feet per second.
Tx 3. A bodyis s!h‘lin[: dgw‘;x al.ln mclined plane whose fnchna-
t!

tion to tho of s veloaity
the honzdntal and vmics.l duncmnx.

f(m. Fand 32, whero u s the veloerty of the body.
-

i

18, Components of & velocity in two giren directions,

1t we wish to find the components of & velocity u In two giveD
7 dicections making angles a and 7 with it, wa grocsed as follows,
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Let AD rep «in itude and direct: Draw AB pnd
AC meking angles « and 8 with it, and through D draw perallels to
comaplete the parallelogram ABDC sain Art 12, Since the sides ola
triangle ave proportional to the sines of the opposite angles, we havd
. 4B _ _BD _ 4D

5in ADE T sm BAD ™ sm4BD’
o, AB_BD _AD
% sng” sina An (a+8)
sing_ _ sina
AB=AD anlatB) and BD=AD P (‘;IB—) .
Hence the m7nent velocities 1n these two directions are ., -+~

PN
N i

an g sia
dhF ey and u (et ) pAd

J 16, Triangle of Velocities. If o moving point
possess simeull ly velocities rep 1 by the two sides
A% and BC of a triongle iaken in order, they are equivalent
10 & velocity vepresented by AQ.

For, completing the parallelogram ABCD, the lines A2
and BC represent the same velocities s 4B and AD and
hehce havo as their resultant the velocity represented by 4C.

cor. 3. 1f there be simullaneously impressed on a point three
velocities represented by the sides of a tnangle taken in order, tha
pomt will be ab rest,
Y
* N5or. 2. 1t s moving pant possess velocities ropresented by A . 0.
~3 apfl 4. OB, they are equuvalent to a veloeity (A+4) . 0G, where G is s

%1t on 40 such that - A
A MedGope.GB. st TTIL

Tor, by the trisngle of velocities, the veloeity A. Od {5 equivelent
10 velocities A, OG end A, G4 ; also the velooity 4. OB is equivalent
10 1. 0G and 1. G5 but the velocities X . 64 and u. GB destroy one
another; hence the resultant velocity is (A +x). OG. .

17. Taralielepiped of Velocittea, By n proot simlar to that
for the parallelogram of velocities, 1t may be shewn that the resaltant
of three yeloeities re{\snsemed by the threc edges of g ‘paraltelopiped
meel‘lln(g in p:d pownt, amveloci:y:;presenuﬁr by the diagonal of the
paraliclop g throug] at any int. Conversel;
Felocity nmy be sesosved Ints threo others, = rermely &
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18. Polygon of Velocities. If a moving point
possess sumultaneously selocities represented by the sides
AL BC, CD,. KL of a
polygon (whether the mdes
of the polygon are, or are
not, m ono plane), the
resultant velocity is repro-
sented by AL.

For, by Art. 16, the
velocities AL and BC are
equivalent to that repre-
sented by AC ; and again the velocities AC and CD to AD,
and so on ; so that the final veloctty is represented by AZ.

Cor. 1If the point L coincide with 4 (so that the
polygon is a closed figure) the resultant velocity vanishes,
and the point is at rest.

« 19. When a point p 1 ly velociti
1 several different directions in the same plane, their re-
sultant may be found by resolving the velocitics along two
fixed directions at nght angles, and then compounding the
vesultant velocitiey in these directions.

¥

S

ppose a point p Tocities w, v, 16,.., in direc-
tions inclined at angles a, B, y,... to a fixed Iine O.Y, and
let OY be perpendicular to OX. The comp of u along
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OX and OV aro respectively « con a am]’ Sm P tTm1
ponents of v are vcos 8 and vsin 8; and so fql: the otmm
Hence the velocities are equivsient to Feteen
ucosa+weos B+weosy. .parallel to ‘0 1""‘-v
and  usina +vsin 8 +wsiny..  parallel fo 0) .’v-
1f their resultant be a velocity ¥ at ail ltugle 0 w’aﬂ
we must have
Veosf=ucosa+vcosf+weosy+
and Vsinf=usina+vsin@+wsmy+..
Hence, by squaring and addmng, ,
I?=(ucosa+eocos f+. )+ (usina+vsing+. ),
usma+osings . .0
ucosa+veos B4 ..
These two equations give F and f.

and, by division, tan§ =

/ . [ BXAM_PLES. I

started

The ship has two velocities, one being 15 miles per hour north-
wards, and the other 8.4/2 miles per hour south-east.

Now the Iatter velocity is equivalent to

34/2 cos 45°, that is, 8 miles per hour epstward,

and 84/2 s1n 45°, that 13, 3 miles per hour southward,

Hence the total veloeity of the shup s 12 miles per hour northwards
2and 3 mmles per hour eastward,

Hence its resultant velocity s VI F3% i.e, ~/I58 miles per hour

n g direction inclined at an angle mn-li to the north, i.e, 1237

miles per bour at 14°8° east of morth -

A point possesses simulianeously velocities whose measures are

452 e 13 the angle between the Jirst and sceond 18 30° betieen

| the second and third 90°, and between ‘the third and fourth 180°; find
their resultant.
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Take OX along the direction of the first velocity and OF perpen-
dienlar 4014

The angles which the velocities make with OX are respectively
0%, 30°, 120°, and 240°
Hence, 1t ¥ be the resultant velocsty inclined at an angle  to OF,
we have
Veos 6 =4 +3c0830°+ 2 cos 120°4 1, cos 210°,
and Vang= 35m30°+2sn120°+1.81n210"
We therefore Lave
. /3 1 1y _5+8
Veoso=1+3 %5 +2(-2) +1(_‘2) =5 2-./3,
and Vsing=3 %+2 %’-1."?:2’2‘@.
Hence, by squanag and adding,
F2=16+9./3=31-5885, sothat I'=§ 62,
and, by dinsion,
tan 0= 2 7Y% c23-3=dbtlmtan 205y,
5+343 = .
Hence the resultant 1s & veloeity equal to 5-63 imchined at an angle
24° 54’ to the direction of $he first veloeity.

Graphically; This result may also be obtained by drawing; mark
oft Od on OX equal to 4 inches snd draw 4B, making 4B equal to
3 inches and XAB equal to 30°

S
Draw BC perpendicalat to AB and equal to 2 inches, nnd then
CD st an angle bf 120° with HC producsd and equal ta 1 mneh. *
;1 Jom OD. !
j On measarement, OD =562 inches, and the 7 40D =25° nearly.

h .
3. Tha velogity o7 a ship 13 8% mules per hour, and a ball is
bowled across the ship perpendicular to the direction of the ship
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L

. with n velocity of 8 yards per second; describe the path of the ball

{u space and shew that 1t passes over 45 feet 1n 3 seconds.

oo +4, A bout is rowed with 5 velocity of 6 miles per hour striight
{ 'acrocs o nser which flows at the rate of 2 miles per hoor, Ifats
breadih be 300 feet, find how far down the niver the boat will reach the
* opposite bank below the point at which 1t was origimally directsd.
LISATEI A man wizhes 1o eross w iver 0 an exactly opposite paint on
the other bank ; if he can pull Jus boat with twice the velociy ol the
current, find at what mclination to the current he muast keep the
boat ponted.
L8, A bost 15 rowed on o nver so that its speed in till water
would be & mules per bour. It the river flow ai the rate of 4 mles
Eer hionr, draw & figure to shew the direction m which the head of the
Lyat must point so that the motion of the boat may be st nght
angles to the current,

\Q{‘? Astream runs with & velocity of 1% miles per hour; find in
3 what direction s swimmet, whose veloclty fs 2} mmles per bour, should
~  start in order to cross the siream perpendiculatly.

What direction should be taken 1n order to cross In the shortest
Hime?
N -
I8, A ship i stenming in n Aasitan 3 L oo
ronning due west. At the « . -
has made 8./3 miles 1n o
1ty of the current, and
A N .3

vau eauv bouk BAPSes Delore they meet.

0. A tram.car is moving along & road at the raie of 8 miles per

hour; in what direction must a body be projected from it with n
veloejty of 16 feet per second, so that ifs resultant mation may be nf

s vighf angles to the tram car? [
o IA{V’A et * f feet per second 3 the
rer second, and g salor
2t per econd § find the

/

wla Bt the wsapoments of el i
22, 8 & sextts of & veloeity u resofved afong two i

wmefined at angles of 30° and 45" respertively to sts duseetions o L ne
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V13, A point whick possesees velocities represented by 7, 8, an 13
15 &b rest, tind the anglo between the directions of the two smalles

velogities. <

:I‘i. A powt poasceses veloclties represented Ly 8, 19, and §°
wnefined &t angles of 120° Lo one another; find by drawing and by
ealeulation ther resultant w

{5, A point possesses Iy velocities rep d by w,
21, 8,/3u, and 4u; tho angles between tho firet and second, the gecond
and thurd, and the thued and fourth, ars respectisely 6¢% 007, and 15073
shew, by draningand by calculation, that the resultant isuin a direction
welined at an angle of 120° to that of the first veloaty, ©

5. A point has equal velocities 1 two given directions; if o0
"ot theoe velacttics bo Habved, the sagle wich the resultant makes
fvith the other 13 halved also, Shew that the angle befween the

velocities 1s 120°. 2 N N

"417. A polnt possesses veloclties represented in magmtude nid
direction by the lines joining any powst on a circle to the ends of &
diameter ; shew that their resultans is represented by the diameter
through the pomt N

N

*18, A pomt possesses simultaneousty four velocities the first Is

21 ft per see ; the second 18 36 fh. per reo, 5t 407 to the first; the

third 13 45 £t per sec ab &0°to the recond; and the fourth is 60 ft.

per sec, a4 85° with the third; shew, by a drawing, that the resultant

velocity 15 about 118 5 £t per sec. at about 82° with the direction of
the first component velocity,

20. Average 8peed and Velocity. 7The average
speed of a point in a given period of time is the same a3
the speed of a moving point which moves with uniform
speed, and describes the same path as the given point in
the given time  Thus the average speed of n moving point
i & given period of time is the whole distance described
by the point in tho given time divided by the whole time.
The average speed of an athlete who runs 100 yards in
10% seconds 1s 100—103 or 9y} yards per second.

Again suppose a train describes one mile in the first
5 minutes after leaving a station, then runs 15 inins. at
the rate of 20 mules per, hour, and finally tankes 6 mins.
over the last mile before coming to gest. -
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The total space described =1 + %% + 1 =7 milea,
The timo taken =5 + 156+ 6 = 26 minutes.
Ita avernge speed = 4% miles per minuto = gy x 60 miles
3 per hour = 16-15 miles per hour nearly
The averago velocity of a ghven point in any direction
(strictly so called) is the whole displacement in the given
direction in the given time divided by the given time.

91, Relative Motion. Rest and motion aro rela-
tive terms; we do not know what absolute motion is; all
motion that we become sequainted with 13 relative

For example, when we say that a train is travelling
northward nt the rate of 40 miles an hour, we mean that
that is its velocity relative to the earth, i.e. it 13 the velocity
that a person standing at rest on the earth would observe
in the train. Beside this motion along the surface it
partakes with the rest of the earth in the diurnal motion
about the axis of the earth; it also moves with the carth
round the sun; and in addition has, in common with the
whole solar system, any veloeity that that system may have.

22. Consider the caso of two trains moving on parallel
rails in the same direction with equal velocities and let
4 and B be two pomts, one on each train; a person at one
of them, 4 say, would, if he kept his attention fixed on B
and if he were unconscious of bis own motion, consider 2 to

. e e
be at rest, The line 4B would remain constant in magni-

tude and direction, and the velocity of 7 relative to A
would be zero
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Next, let the first train be moving at the mte of 20
miles per hour, and let the second train & be moving in the
samo direction at the rate of 25 miles per hour,  In this

B ST R /

case the hne joining A to Z# would (if we neglect the
distance between the rmls) be incrensing at the rate of
5 miles per hour, and this would bo the velocity of 2
relative to 4

Thirdly, let the second train bo moving with a velocity
of 25 mnles per hour 11 the opposite direction to that of the
first ; the hne joining A to /2 would now be increasing at the

rate of 43 miles per hour in & direction opposite to that of
A's motion, and the relative velocity of B with respect to 4
would be — 45 miles per hour.

In each of these cases it will be poticed that the
velative velocity of the second train with respect to the

rome

~

S N———

veor 8

- (<] u [ *
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first is obtained by compounding with 1ts own velocity a
velocity equal and opposite to that of the first

Lastly, let the first train be moving along the line OC
with velocity », whilst the second train is moving with
velocity » along a hne 0,0 nclmed at an angle § to OC.

. Resolve the velocity v into two components, viz., v cos §
* parallel to OC and v sin € in the perpendicular direction.

As before, the velocity of B relative to A, parallel to
0C, is vcog 0_—4;- also, since the point 4 has na velocity
perpendx—c—l;lar to OC, the velocity of B relative to 4 in that
“direction is vsin 6.

Hence the velocity of # relative to 4 consists of two
components, iz, v cos §~ parallel to OC, and v sin 8
perpendicular to OC. These two components are equivalent
to the original velocity » of the train B combined with a
velocity equal and opposite to that of A.

Hence we have the following important result;

)L Relative Velocity, When the distance between two
points {3 altering, either in direction or in magnitude or in
both, then ither point is said lo have a velocity relative to the
other ; also the relative velocity of one point B with respect to
a second point A is obtained by compounding with the velocity
of B a velocity which i3 equal and opposite to that of A.

23. Tt may be advisable for the student to consider
relative motion in a slightly different manner. Suppose
the velocities of the two points 4 and B to be represented
by the lines AP and BQ, so that in one second the positions
of the points change from A and B to P and Q. Complete
the pamllelo«mm APRB :md_]om EQ.
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By Art. 16 the velocity ZQ is equivalent to two
velocities represented by BR and RQ; also ZE is equal
and parallel to 4P,

Hence the velocity of B is eqmvalent to two velocities,
one, BR, equal and parallel to that of d, and the other by BQ-

The veloeity of B relativo to 4 is therefore represented
by RQ.

But RQ is the 1esultant of veloctties X B and BQ, t.e. of
the velocity of B and a velocity equal and opposite to that
of A, Hence the relative velocity of B wnth respect to A s
obtained by compounding with the actual, velocity of B a
velosity equal and opposite to that of A,

24. From the previous article it follows that, if two
pointy 4 and Z be moving in the same direction with
velocities » and v respectively, the relative velocity of B
with respect to 4 in that direction is v—v, and that of 4
with respect ta Bis u—v, ~f

i

If they be moving in diffrent directions the relattve X
velocity is found by compounding velocities by means of
the parallelogram of velocities

e

1} \Ax. A train is travelling along a horizontal rasi at the rats

of 30 miles per hour, and yain is driven by the wind, which is {n the
same direction as the motion of the tramn, so that it fulls with a
relocity of 22 feet per second and at an angle of 30° with the vertical
Find the apparent direction of the rain to a person travelling with the
train, .
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Tha velocity of the irain is 44 feet per second.

‘Let AB represent the actual velocity of the rain 5o that, if AE be
& vertical line, the angle EAB 13 30°

Draw 4C horizontal and opposite to the direction of the train and
let it represent in magnitude the veloeity, 44 feet per second, of the
train,

*Completa the parallelogram 4BDC.
Join 4D, and Jet the angle EAD be 6.
4D is the apparent direetiont of the rajn
From the triangle BAD, we have
BD _emDAB _sin(0+30°)

4B T e BDA cos &
. 44 mngcos30°+coy §sin 30° oL s
e T e ~_-.m:_e cos 30°+5in 807,

- 3,1
2=tan 0.—2~+2.

. fan 9= /3 = fan 60°,

Hence ¢ ia 60° It follows, since BdAD is o nght angle, that the
ipparent direction of the run is at right angles to ifs real direction.

Ve a?  Examerrs 1 9e, R
R

~ T . U S TN

traing/ ‘ :
¥
<2, One ship is sailing dua enst at the Futs of 13 miles per hour,

2nd another ghip is salling due north at the rate of 16 mules hogrs
£ind tha relative velocuty of the second shp W1t respedt o the e -

|
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N

“é Ono ship 1¢ sailing sonth with a velocity of 15,/2 nules per
hour, and another gouth-east at the rate of 15 miles per bour. Find
the spparent velocity and direction of motion of the second vessel to

an yvserver on the first vessel. <

4, A ship 1s smling north-east with a velocity of 10 miles per
hour, and to a passenger on board the wind appears to blow from the
north with a we{‘oe\ty of 10,/2 miles per hour.  Find the true velooity
~nd dirgetion of the wind. '

N Q
});5, A ship stenms due west at the rate of 15 miles per hou;)
tlative to the current which 1s flowmg st the rate of 6 mles per honr
ve south  What 1s the velocity relative to the ship of & train gmng
ue north at the rate of 30 miles per hoar? 7

.+ 8. In a tunnel, drops of water which are falling from the Toof
e noticed to pass the carriage window of & irain in & direction
naling an angle tan~'} with the honzon, and they are known to
e 8 velocity of 24 feet per second Neglecting the resistance of
b6 mr, find the veloaity of the tramn. .

¥ 7. To & man walling at the rate of 2 miles an hour the Fain
\pears to fall vertically, When he increnses his speed to 4 miles per
sout 1t Rppenrs to meet him ot an angle of 45°; find the real direction
ind epeed of the tm.

§. A steamer is going due west at 14 miles per hour, and the
wind appears from the dnft of the clonds to be blowing at 7 miles
per hour from the north-west TFind Its actual veloeity and make &
geonfttncal construction for ils direction. 4

-fi. A milway tran {3 mosving at the rate of 28 mmles per hour,

. .
earriage in 3% ths of & second

10. Two irains, each 200 feet Jong, are moving townrds each
otber on parallel hines with velocities of 20 and 30 miles per hour
recpectively.  I'ind the time that elapres from the Instant when they
first meet until they hase cleared each other,

M Tha win? Mowine ovantle atane o 1an b etle g oo = bosing

:/ 12 O4e alip, suiling east with a speed of 15 milee per hiur, patses

Na certain point at movm; and a second ehip, sallig north at the
fsame ppead, paseca the same pornt at 120 por.; at whet time are
they cimest together, and what s the dustanea thent
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-+ Let O be the fixed point, A the position of the second shipat 120
noof, 86 that O —2‘4 mles

. o__ 15 B ——
™~ B
15} B2
~
B
i 3
T tanmepe

.- ooseom " <ect to the second fs
v veloeity equal and
. 7 of 15 southwards

tion OK, { e, south-
east,
Draw AL perpendienlar to nl;. _Then AL1s elearly the shortest
tance required.

=04sin AOL=22} x 4" =7 J" =159 mules nearly.

Also the time after 12 0 noon
==the time in which OL is deseribed with the relative velocity 15,/2

a2ix L
R DL - 2‘:x~/
TI5YET I

therwise thus; Let P and @ be the aZlial positions of the ships
at the ond of the £ and Ieb PQ=z.

Then OP=0d-18t=15[3~ 2],

=3 bour.

and 0Q=15¢t.
Hence .z-sls’[(w_r-l)’+t’]_15'x°[t’—£:+§j
2x 18t~ P+ -

Now a square can never be negative, 5o that 1ts Jeast value is zero.
/ftence the least value of z i1 when ¢=§, and then
z= 235 o Py =48 /22159 nearly.

3. A'ship steaming north at the rate of 12 miles per hour
“observes @ ship, due east of 1tsclf and distant 10 miles, which- is
steaming due west at the rate of 18 miles per hour; after what timo
nre they st the least distance from one another and what !s this Jeast

. LR Y
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Exs. II

44, Two pornts ars sterted susmltuncously fromm points A4 ond 2

which are 5 feet apart, one from 4 towards I with a veloetty which
would eause 1t to reach B in 3 seconds, and the other at rght angles
1o the direction of the former witk § of its velocity, Find their
relative velomty m magmtude and direction, the shortest distance

between them, and the time when they are nearest.

Lo v PRIV oo

8. Two points move with velocities v and 2v_respectively In
opposite directions 1n the circumference of & cirele. Tn what positions
15 their relative velocity greatest and least and what values has it

then?

25. Angular Velocity. Def. Ifa point Plein
mation in a plane, and if O be a fixed point in the plane and
OA a fized straight line drawn through O, then the rate at
which the angle AOP increases is called the angular velocily

of the moving point P about O,

When uniform, the angular velocity is measured by the
number of radans in the angle which is turned through by

OF in n unit of time.

When variable, it is measured at any instant by what
would be the angle turned through by the line OP in a
unit of time, if during that unit it conunued to turn at the

same rate as ot the instant under ~onsideration,

Exa 1t theline OP turn throngh & right sagles (e, 2 rudians)

tn one second, the asgular veloety is 2r
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X it turn throvugh !hreo-qmu'tem of & right angle in one second,
B
K2

It OP make 7 revolutions 1n one gecond, the angular veloeity {3
7x2x or 14x.

the angalar veloaaty ls T 5 or

26. 'The angular veloaty can always bo expressed in
terms of the linear velocity when the path is known.

The only case that we shall consider is when the
angular veloeity is uniform, sad the moving point P is
describing a cirelo about the fived point O as centre.

Q
p

If @ moving point describe o civels, its angular welocity
alout the centre of the circle is equal to ifs apeed divided by
“the radiug of the circle.

Let P be the position of the moving point at any time,
and in the unit of time Iet the point describe the arc Q.
In this time the line OF turns through the angle F0Q.
Hence the angular velocity is equal to the number of
radians in the angle POQ.

But the number of radisns in 0@ =212,

Also, since the arc PQ is dewnhﬂi in one second, it is
equal to the speed 0. * 3 kN
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Hence, if  be the angular velocity and r the radius of
the circle, wo have

ie v=ru .

Exe. (1) If the moving point describe a exrcle of 3 feet radius with
umt angular velocity, $he speed fs given by v=3.1=3 feet per second.

{2) 1f the moving pownt describe a exrels of 5 feet radius with speed
8 feet per second, its engular velocity « 15 given by w=4% radian per
second,

(3) The earth makes & complete revolution about jts own axls in
24 hours  The angular velooity of any point on its surface therefore

2x "
5T 00x 60 radians per gecond

Since the earth’s radius 13 4000 miles, the velocity of any pomnt on the
equator
. 4000 miles a .
= m x 1mi per gecon

=1047 miles per hour approximately

EXAMPLES. IIL

1, A wheel turns about its centre, making 200 yevolutions per
mindte; Phats the angular velocity of any point on the wheel about
the centre .

. A whbeel turns sbout iis centre, making 4 revolutions per
second ; what 18 the sngular velocity of any pomnt on the wheel about
the centre and what 15 1ts linear velocity, ﬁbe radins of the wheel
be 2 fpet?

3, It the mnute hand of & clock be 6 feet Jong, find the velocity
of the end in feet per second. { /i S ic T s LA
YWhat is its angulaz veloaity ? - .

4, Compare the velocities of the extremities of the hour, minute,
and sccond hands of A watch, their lengths being -48, *8, and *24
nches respectively.

5. A treadmill, with axis honzontal and of diameter 40 feet,
maked one revolution in 40 seconds. At what rate per hour doed &
man upon it walk over 1ts surface, supposing he always keeps at the
same herghs above the groand ? *
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8, From s train moving with veloaity }™ o carmage on a road
parallel to the hine, at a distance d from 1t, 13 observed to move so as
to appesr always m & hne with s more distans fixed object whose
least distance from the railway 1 D. Find the velociy of the
earriage,

. inb moves 1n & eirele with uniform gpeed ; shew that its
angular velocity about any pont on the circumference of the circle 19
constant.

" '8, A string has one end attached to the comer of a square
Board fivad an o amcmadk Loa oo 44 ~ - ) y

*%D, A wheel rolls uniformly on the ground, without stiding, its
centre descrsbing a strawght line, to find the velocities of dyferent
pounts of its vim

et O be the centre and r the radius of the wheel, and let v be the
veloeity with which the centre advances, Iet 4 be the point of the
wheel in contact with the ground at any instant.

Now the wheel tums nmformly round 1ts centre whilst the centre
maves forward {n o straight lina; also, since each point of the wheel
1 suceession touches the ground, 1t follows that any point of the
‘wheel describes the permeter of the wheel relative to the centre,
‘whilst the centre moves through = distance equal o the perimeter; .
hence the velocity of any pont of the wheel relative to the centre is
equal in magmtade to the velocity v of the centre,

Hence any polnt P of tha wheel possesses two velocities each .
qunl to v, one along the tangent, .PZ, at P to the circle, and the
other in the direction, PJJ, in which the centre O is moving.
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Heneo the veloety of d=r-t =0, and o .t 1+ at et for the
nstant

So the velocity of B=r4+v=2r.

Consuder the motion of any other point P It has two velocities,
ench equal to v, mlong P and PT respectiely.

Now, since PM and I'T aro respectively endicular to OR and
OP, the L MIT=L POl - 6 (say) i

Tho resaltant of these tho selomties £ 1+ n velrty 22 cos 5 along

PL, whero tIPT=} ¢ MPT=; = 00
Hence £ APL= £ OPT=n nght angle.
Henca the direction of motion of the point I*is perpendicalar to
AP, and 1ts angular velocity about 4
trcos? 2 cosd

sTar

= —
o, ¢
oreug

= the angular relocity of the whedl about O.

Tenco each pasnt of the wheel 13 turning nboat the point of con-
tact of the wheel with the ground, with a constant angular velocity
whose measure 15 the velocity of tho centre of the wheel divided by
the radius of the wheel,

10. An engine is travellmg ab the rate of 60 miles per hour and ts
wheel 13 4 feet n dameter; find the velocity and direction of motion
of each of tle two points of the wheel which are at n height of 3 fect
abore the ground
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ACCELERATION.

- 27. C of Velocity. Suppose a pomnt at any

instant to be moving with a

N ‘elucu‘,y represented by O,
and that at some subsequent.
time its velocity is represented
by OB

Join 4 B, and complete the
parallelogram OABC.

Then the velocities repre-
sented by 04 and OC are equivalent to the velocity 0B,
Hence the velocity OC is the velocity which must be com-
pounded with OA to produce the velocity 0B, The velocity
OC is therefore the change of velocity in the given time..

Thus the change of 1eloc1ty is not, in general, the
difference in magnit the magnitudes of the
two velocities, but is that velocity which compounded with
the original velocity gives the final veloetty.

The change of velocity is not constanc unless the change

is both in itude and di

BXAMPLES. V.-
1. 4 pownt is moving with a velocsty of 10 feet per sccond, and
at @ subscquent anstint 1t o3 moting ab the same rate in a dlrmwn
inclined at 30° to the former dircetion; find the change of selocity.
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On drawing tho figure, ns in the Iast article, wo have 04 = 0B=10,
and the angle 408 =50
Bince 04 =0B, we have £ 0AR=75, and therefore £ AOC=105
Also AB=204 510 16°=20., ‘123,;;:5 (V6 ~ /2)=5-176.
N
Henco the change 1n the velocity, i e., OC, is § 176 feet per second
1m u durection anchined at 105° to the onginal direction of motton

9. A shup is observed to be moving eastward with a velocity of
3 miles per hour, and at a subsequent 1nstans 1t 1s found to be moving
northward st the rate of 4 milea per hour, find the change of
veloaity.

. A point 13 moving with & velocity of 5 feet per second, and at
& subsequent instant 1% 13 moving at the same rate in & direction
melined at 80° to 1ts former direction; find the change of velocity.

4, A pont 13 moving eastward with a velocity of 20 feet per
second, and one hour afterwards 1t is moving north-east with the same
speed; find the changs of velocity.

5. A point 13 describing with nniform speed a circle, of radius
7 yards, in 11 seconds, starhing from the end of a fixed diameter; find
the change 1n 118 velocity nffer 1t has described one-sixth of the cir-
cumference.

28" Acceleration. Def. The acceleration of a
moving pownt i3 the rate of change of its velocity

Note that the acceleration of & moving point has both |
magnitude and direction,

The acceleration is uniform when equal changes of
veloaity take place in equal intervals of time, however
small these intervals may be. -

When uniform, the acceleration is measured by the
change in the velocity in & unit of time; when variable,
1t is measured at any instant by what would be the change
of the velocity in a unit of time, if during that time the
acceleration continued the same as at the instant—under
consideration,

29, The magnitude of the unit of acceleration isthe .
acceleration of & point which moves so that its velocity is
changed by the unit of velocity in each unit of time,



'

Hence a pont i
when its velocity is changed qu umts of, veloclty 11 b
unit of time, -
Sps e

. . van AL Ehe

30. Theorem. Parallelogrant™ of 14 AL
tons, I a moving point have sumultansously two accelera
tions represented in magnitude and direction by two sides ¢
a parallelogram drawm from a point, they are equivilent ¢
an acceleration represented by the diagonal of the parallelo
gram passing throwgh that angular point.

Let the accelerations be represented by the sides 47 anc
AC of the parallelogram 4BDQ, i.e. let AB and AC repee
sent the velocities added to the velocity of the point in s
unit of time. On the same scale let £# represent the
velocity which tho particlo has at any instant

N

/

Draw the pamllclogmm EKFL having its sides parallel
to AR and AC; produce EA to I/, 'and EL to X, so that
KA and LA sre equal t6 471 and AC respectively,

Complete the parallelograms as in the above figure.

Then the velocity £# is equivalent to velocities £X and
EL. But i the unit of time the velocitics Al and LV are
the changes of velocity.
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Thereforn at the end of a umit of tine the component
velocties are equisal ot w0 EM and £V, which are equi-
nlent to £0, nud this latter veloaty 1< equisalent to velo-
aties LlMand FO (Art. 16)

Henee in the umit of time £O 14 the change of velocity
of the moving point, 1 e. F0 13 thn resultant accelerntion of
the point.

But FU 13 equnl and parnllel to AD.

Hlence A2 represents the accelerntion which is equi-
valent to the nccelerations A8 and A¢, je. 4D is the
resultant of the accelerations 42 and AC.

31. It follows from the preceding article that accelern-
tions are resolved and compounded in the samn way as
veloaties, and propositions similar to thowe of Arte. 13—19
will o true when we substitute “accelerntion” for s elocity.”

Velocities and accelerations, and nlss forces (Art. 72)
are examples of an importaut class of physical quantities
which are called Veetor quantities. The characteristic of
a Vector quantity is that it has direction as well as magni-
tude, and is thus fitly represented by o strught line ; in all
cases vector quantities are compounded by the parallelo-
grammic Jaw.

In the language of Vectors Arts. 13 and 30 are
examples of the Addition of Vectors, and it would be said
that the addition of the vectors AR nml BD (or AC) girves
the vector AD.

In contradistinction to Vectors, q ities which only
possess raagnitude, and not direttion, are called Scalars.
Kinetic Energy, which will be defined later on, is an
example of a physical quantity which is a Scalar; other
examples are a ton of coal, a sum of money, ete. Scalar

are ded by Simple Additi

q! P
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33. Theorem. 4 pownt moves w a straight line,
starting with velocity u, and moving weth constant accelera-
tion f in ils direction of motiwon, f v be its velocity at the
end of time ¢, and & be tts distance at that instant from its
starting point, then

(1) r=u+iy
(2) s=ut+3/0,
(3) =ut+ WY

(1) Smcef;icno(cs the acceleration, 1., the change in
the velocity per unit of time, f2 denotes the change in the
velocity in ¢ units of time

But, since the particle possessed w units of velocity
initially, at the end of time ¢ it must possess w + /2 units
of velocity, ie.

v+t
{2) Let ¥ bo tho velocity at the middle of the interval

50 that, by (1), T u+f .
3

Now the velocity ch iformly throughout the
interval . ITence tho \clocnty at any instant, preceding
the middlo of the interva! by any time 7 is as much less
than ' as the velocity at the suno time 7' after the middle
of the interval is greater than T,

ence, since the time ¢ could be divided into pairs of
such equal moments, the space deseribed is the samo as it
the point moved for time ¢ with velocity ¥,

RAFISS W 2 u+f_—‘,)t~u{+§ﬂ'.

(3) Tho third relation can be ewsily deduont from the
firt two by eliminating ¢ between them
LB z
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For, from (1) P (s

.

Henee, by ), Mo

a8, Alternatsse pronf of equntion (1)

Lot the time ¢ te divndmd into n egnad intenals, earh equal to v,
so that ¢ anr

The selocities of the point at the beginnings of these sucorssive
internls are

uousfroutr.  ut(n-1)fr

1fenca the space »y which would be moved through by the poiat, I 1t
inoved dunng cach of thewe intervals r with the velecity which it has
a4 the beqinming of each, 10

S aou ralusfr] re 4[uefin=D)r) v
nourefrd (14243 4(n-1))
nureg "0 on cometng the s .,

~ut+ b (I 1Y, sinco r=%.
n "
Also the velocities ot the «nds of these successive intersals are
v fr utdfr, . udnfr,

Henee tho space s, which wonld be moved throngh hy the point, it
it movad during each of thess intervals r with the veloeity which 1t
Tias at the end of each, 13

fy=(ufr) r+{s+2f)r+ luenfr).r
=rur+fr (14243 . +n) .
=uta e (l + ,1‘) , s before,

Now the true space 4 s intermediate betncen s, and a;5 alo the
targer we mnhe n and therefore the smaller the intenals's become,
the mora nenrly do the two Liypotheses appronch to comeidence.

1 we muke n infloitely Jnrge the values of s, and &, both Lecome
ut+ et

THenca r=utd 3

34, When the moving point starts from rest wo have
%= 0, and the formulae of Art. 32 t ks the simpler forms
v=A,
a=d /0,
and =2
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in time MX is intermediate between the number of units
of area in the rectangles PX and QL. Similauy if we
divide 04 into any number of equal smali part: and erect
parallelograms on each,

Hence the number of units in tho distance descnbcd in
time O is intermediate between the space represented by
the sum of the inner rectangles and the sum of the outer
rectangles

Now let the number of portions of time into which the
tame 0.t 18 drvided be made mdetinutely larges then these
two series of reetangles get nearer and nearer to one
another and to the area of the curve Hence the number
of units of space described in time 04 is ultimately equal
to the number of units of arean the area Q4C 5.

36. Case of uniform acceleration. Let u be
the imitial velocity and f the constant acceleration.

On OF mark off OB to represent the velocity « at time
0 Bince the veloatty at any time £ =u + /7, .
the ordinate MPat A =0B+f.0M. .. .. .. (1)

Y|

C

o [ A X

) l})mw BT parallel to OX to meet I(P in T and 4C*
in U.
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Then TP=MP~O0B=f.0J, by (1),
_Ip_re
0M T BT
Hence 7’82 13 a constant angle, and therefore P lies
on & straight line passing through 2

so that = tan PBT.

In this case, therefore, the velocity-time curve is the
straight line BC, and UC=BU .tan CEBU=f t.
Hence the number of units of space described in time ¢
= the number of units of area 1n 0408
=area OBUA + area BUC
=04 0B+iBU.UC
=04[0B +300) =t[u+} 1)
=ut+ § /0
87, Inthe figure of Art. 35 since ZQ is the increase

of velocity in time /A the acceleration of the moving
point 2t this jnstant=the value, when A& is made inde-
finitely small, of JEIIQ_V [Art, 28]
= the value of tan QPR

But when 2NV is made indefinitely small the point @
moves up to P, PQ becomes the tangent at P, and tan QPR
becomes the tangent of the angle that the tangent at P
makes with O.T.

Hence in the Velocity-Time graph the numerical value
of the acceleration is the slope of the curve to the Time-Line.

88, Space deseribed in any particular second, .

[The student will notice carefally that the formula (2) of Art, 32
gves, not the space traversed in the ¢ second, buf that traversed in
¢ seconds ]
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The space described in the % sccond  /
=space described in ¢ seconds — space described in (£--1)
seconds
= et + 3]~ [ (E= 1)+ (= 1))
=u+ B - (- 1)) -

Hence the spaces described 1n the first, second, third,
...nth seconds of the motion are
o
utdfiu+dfs w+——f

2

These distances form an arthmetical progression whose
common difference 18 £

Hence, 1f a body move with a uniform acceleration, the
distances described in successive seconds form an arith-
metical progression, whose common difference 1s equal to
the number of umts i the acceleration.

The ssnce described n any particular second mey be other-
wise found as follows  As in ATt. 32, the space descriled in the ™
second 13 the same as that which would be described 1f the point
meved during tha second with the veloaity which 1t hae at the
middle of that second.

Now the veloaity at the middle of the £ second
=veloeity at the end of time (£ —4)
=vtsfe-4)

Hence the space deseribed 1n the ¢ gecond

20 .

ae. Ex. 2. A tran, whick i moving at the rate of 60 nisles per
hour, 53 brought to Test tn 3 punutes worth a uniform retardution; find
this retardution, and also the distance that the train travels befors
coming to Test
60 miles per hoursﬁ‘l‘i:_;_z.“%".%ss fectper seconi.
Let f be the acceleration with which the traln moves .
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Since in 180 neconds a velocity of 88 feet per second is destroyed,
we have (by formula (1), Ast. 82)
0=88+1(180).
f= - §3 ttosec umts
{N B. fhasa negative value because 1t 1s  retardation.]
TLet 2 be the distance described Dy formuln (3), we have
0=88"+2(- %) =
. z=88x %%:/920 feet

x. 2. A pomnt 18 moving with uniform acccleration; n the
vlnventh and fifteenth seconds from e commencenent st moves through
190 and 960 ems. respectively: find s wnitial velocsty, and the
weeleration with which w moves.

Let u be the imt.al velocity, and f the acceleration
Then 720 = distance described 1n the eleventh sceond

=[ 11+3f 117-[u 1041500 -

. m0=usbly ().
8o 960={u 154} .16~ [u Li+}f 142)
960—u+»=;-f N @-

Solving (1) and (2), we have u=90, and f=60

Hence the point started with a velocity of 80 cros per second, and
moved with en acceleration ot 60 cm.-sec units

;

J IIXA.MPLES. V.

1. The guenttiesw, £, ¢ &, 5ad ¢ baving tho weanings ssslgneds
to them in Art 82, &3 nssignels
2, f= 3, ¢= 5 fndvandas
T f= ‘1, = 7,
8, v= '3, = 9,

() Givenv=w8, s=-9, f=_3, fnduand: ,
The units of length and time are s Toot and a second, .

« 2, Abody, starting from rest, moves thh an soceleration gy 4
to 3 fi-see. unts; find the veloaity at the end of 20 seoonde, 44 i -
rstance described In that time. 4
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W.th what poitern arveleration d ee n bedy, staning lm:
réat, dereribe 1000 fort bn 10 sreumle?

v 5, A bolr, startag tmem ret, mores with an peceleration ots
cenlimetre recund units, in what tune will It asqnlre & veloclty of
80 eentunetres per prcond, and what distaron dort 13 tmyverso In 1bad

ume )

< 8. A point starts with a veloeity of 100 cme. prr reormd and
moves with -2 ecntimetre-seonn) umith of atorlemilon.  When will
1ta veloesty Im zero, and how far will It havo pone ? s

e 7, A tody, starting troms rest and roring with enlferm hoeclEre/
tion, dereribea 171 feot in tho tenth sccords ind ite meceloration. ,
*% g, A particlo ts moving with uniform ercelestion; dn tho eighith «
and thirteanth reoond after Marting It moves thmarh s} and }I-th

yqﬂ:lur)y. find 111 Inltial velocity and its secclerntion.

9D, Ir two sacoessive scconds a particls moves through 204 and

\ ’le A body. mores for 3 swamls with a constans neoclemtion
"= .ur” tion then oonset

- oo w. e, find B8 om0

.. " . . 2
.‘ld. Lies Bpeed O B ML 28 peaiced from: 44 mil uen.nlxounom.
L TR b e T e wbg A 120 gdsi I the

tardstion be umiform, find how much further it wul tmavel belnm
eoming to
4. A point storte from rest and moves with a nniform nmlem

ﬁan of 18 ft..sce, nmfs. £ind the time taken by 1t to traverse tho first, /
second, and third fect respectively. P

<15, A particle starts from 1 polot O with a unlform veloclly of
4'féet r seoond, and sfter 2 seconds nnother parliclo leaves O in the
same direction with g velocity of 8 feet srcond ond with san
eoceleration equal to 8 ft. sec. mnita, Find when and where 1t w'll
overtake the firet pasticle



ACCELERATION 41

ln{l& A particle staris with a veloelty of 200 cms. per second and 3
moves in & strauzht line with & retardation of 10ems, per set. persec.;
find how long elapses before it has deseribed 1500 ems. and explam

ite double answer. J
S 2 1IN UP S NP Vi DRI SN o

grea\beetdxmoe between the particles is :—;uh the end of time:'.—x from

the stort.

) '3 the
nute;
Tepre-
' time

)l



CHAPTER 1L
MUTION UNDER GRAVITY.

40. Accceleration of falling bodies.
heavy body of any kind falls towanl the
earth, it i3 a matter of everydhy experience
that it goey quicher and quicher as it falls
or, in other words, that it mgves with an
acceleration.  That 1t woves with n con.
stant neceleration may b roughly shewn hy
the following experiment, first performed by
Morin

A circular cylinder covered with paper is
connected with clock-work and made to rotate
about its axis which is vertieal. In front of
the cylinder is an iron weight, carrying a
pencil P, which is compelled by guides to fall
in a vertical line and is so arranged that the
tip of the pencil just touches the paper on the
surface of the eylinder.

When a

Preaey

When the eglinder is rovolving uniformly, the weight
is allowed to céop and the pencil traces cut a curve on
the paper  When the weight has reached the ground the
paper 13 unwrapped and stretched out on r flat surface.
The curve marked out by the pencil is found ta be such
that tho vertical distances described by the pencil from the
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beginning of the motion are always proportional td the
squares of the horizontal distances
described by it, so that, if Q, R be
any two points on the curve, then

A Qi " a
AN " RA?
Novw since the cyhinder revolved ]

uniformly, these horizontal distances
are proportional to times that have
elapsed from the commencement of the motion. Hence

* the vertical distance described is proportional to the square
of the time from the commencement of the motion.

Bat, from Art. 34, we know that, if a pownt move from
rest with a constant acceleration, the spaco described is
proportional to the square of the time.

Hence we infer that a falling body moves with a con-
stant acceleration.

41. Galileo’s Experiment.” That tho acecleration

of o falling body is constant was first shewn by Galileo

" by some experiments conducted at Pisa about the year

1590. To avoid the difficulty of measuring the velocity

of » frecly falling body, which soon becomes very large, he

conaidered the motion down an inclined plane instead, and

.assumed that the law of motion fof a small sphere rolling

down a groove in an inelined plane would be similar to
that of a freely falling Lody.

0

g 1
16/ ’

Commencing from the top of his groove, ho measured
off distances down it proportional to 1, 4, 9, 16, ..., 7 e. pro-
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portional to 1% 2%, 3%, 4%. . He then let his small sphere
start from the top, and venfied that the times of its
describing these distances were proportional to 1, 2, 3, 4,....
Hence the distances described from rest were proportional
to the squares of the times. But, ss in Art. 34, the
distances are proportional to the squares of the times
when the acceleration f is constant

Hence it follows that the acceleration down the inclined
plane 15 constant, and from that Galileo assumed that the
acceleration of a freely falling body is constant also

'The great difficulty Gahleo had was in measuring time
accurately, ay the clocks of his time were very inaccurate
He used a vessel of water of large transverse section whick
had in its bottom a small hole which he could close with
his finger. When the ball started he removed his finger,
and the water ran out imto a vessel placed to receive 1t
When the ball had reached one of his marks he closed the
hole; the water that had meantime run out was then
weighed, and formed a fairly accurate measure of the
time that had elapsed.

42. From the results of the foregoing, and other more
accurate, experiments we learn that, if & body be let fall
towards the earth ¢n vacuo, 1t will move with an acceleration
which is always the same at the same place on the earth,
but which varies shghtly for different places

The valuo of this acceleration, which is called the
«geceleration due to gravity,” is always denoted by the
letter “g.” .

 When foot-second units are used, the value of g varies
from about 32-091 at the equator to about 32252 at the
poles  In the latitude of London jts value is about 32-19.
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When ‘centimetresecond umite’ are used, the extreme
limits are about 978 and 933 respectively, and in the
latitude of London the value 1s about 981-17.

'The best method of determining the value of *g” is by
nzens of pendulum experiments, we shall return to the
sukjact again in Chapter XI.

£~ ai numerical examples, unless it s otherwise stated,
the motion may be supposed o be in vaeuo, end the valuc
of g taken to be 32 when foot-second wnits, and $81 when
zentimetre-second unts, are used |

43. Vertical motion under gravity. Supposea
body is projected vertically from a pomns on the earth’s sur-
face so that it starts with velocity . The acceleration of
the body is opposite to the initial direction of motion, and is
therefore denoted by —g. Hence the velocity of the body
continually gets less and less untl it vanishes, the body is
then for an instant at rest, but immediately begins to aequire

. & velocity in a downward direction, and retraces its steps,

Time to @ given height. The height & at which & body
has arrived in time ¢ is given by substituting —g for f in
equation (2) of Art. 32, and is therefore given by

L=t — 39
This is a quadratic equation with both roots positive; the
lesser root: gives the time at which the body is at the given
" height on the way up, and the greater the time at which it
is at the same height on the way down
bus the fime that elapses before a body, which starts with a
\elocny of 61 feet per second, is at & height of 33 feet is given by
286461647, whenee t=}or 3.

Hence the ;mrhds is at the given height in half a second fmm the
eammensement ian, s0d agnin I 2 fnconds aftarwends,
P
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44, Velocity al ¢ given height
The veloaity v at & given height b is, by equation (3) of
Art 32, piven by
C=wt- gk
Hence the veloeity at a given height 1s mdependent of the
time from the start, and 13 therefore the same at the same
point whether the body be going upwards or downwards.

45, Greatest hewght attuined. .
At the lughest point the velocity is just zero; hence, if
2 be the greatest height attained, we have
0= ui- 9gz.
Hence the greatest height attained = ;=

Also the time 7" to the greatest height is given by
O=wu—g?
T=2,
g B

46, Veloauty due to a given verticul full from rest.

If a body be dropped from rest, its velocity after falling
through s height Z is obtained by substituting 0, g, and 4 for
u, fand s in equation (3) of Art, 32;

- V3.

EXAMPLES. VI o
J’w A body is projected from the earth yertically with o Veloclby of
40 feet per second ; find {1) how hughi 1t will go vefore comung to Test, ¢
(2) what tames wlll elapse before it 1 at a height of § feet. o
% A particle is pw;ected vertically upwards with a veloity of
40 fcet per second. Blwmn s ‘veloaity will be 235 deet pers
aecqnd, and (u) when xt will be 25 feet mbova the point of pro-
)ee ion
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1384 ctono .t 13 thrawn rertically upwards with & velocity'st
06 fect per sccond ; find how high 1t will rise  After 4 seconds {rom
the proji ction of 1, aflother stone B 1s let fall from the same point.
Shew that 4 will overtahe I after 4 seconds mate. <
6. A body is projectod upwards with a certain velocity, and It is
found that when 1 its ascent at 13 960 fect from tho ground 1t tales
1 seconds to return to the swme potat egeiln; find the velocity of pro-
jectieny and the whole beight ascended 2’)
wi#‘? A bolly projected sertically downwards described 720 feet in
+ seconds, and 2240 feet 1n 2t seconds; Bud, and the velocity of pro-
Jectron 9 Jf
10 A ;b s el Y - BN . h

r . f ' .

. .

, 16, A stone s dropped mto a well and renches the bottom witl
velocity of 96 feet per second, and the sound of the splash on the water
renches the top of the well in 8% seconds from the timo the stone
starts; find the velocity of sound

- .

LY Y PSR VORI S - e . .

47, Motion down a smooth inclined plane.
Let 4B be the vertwcal section of a smooth inchmed

plane inclined at a given angle a to the horizon, and let P
be a body on the plane



versing this distance is
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If thero wero no plane to stop ity motion, the body
would fall vertically wath an accelerarion g.

Now, by the parallelugram of accelerations, o vertical
naceeleration g is equivalent to

(1) an acceleration g cos a perpendicular to the plane
in the direction IR,

and  (2) an acceleration g sin o dowu the plane.
The plane prevents any motion perpendicular to itself.

Hence the body moves dawn the plane with an accelera.
tion g 8in o, and the investigation of its wotion is similar
to that of a frecly falling body, except that instead of g we
have to substitute g sin a,

It follows at once that the veloecity acquired in shiding
from rest down a Jength 7 of the plane

=J:’.gs'mu.l= Jﬁy lsmna= J:.’{/. AC,

and is thereforo the same as that acquired by a particle in
falling freely through a vertical height equal to that of the
plane. In other words the velocity acquired is independent

of the inclination of the plane and depends only on the
vertical height through which the particle has fallen.

48. If the body be projected up the plane with initial
velocity u, an mvestigation similar to that of Arts, 43-—45
will give the motion, The greatest distancu attained,

PR
measured up the plasic, is —o——'—" — ; the time taken in tra-
N Zgeina R

5 and so on.
sina ;
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~

EXAMPLES. VIL = 9 {
1. A body 15 projected with a veloeity of 80 leet per second upa
smooth melined plane, whoss mclination 18 30°; find the distance

descyibed, and the time that elapses, before 1t comes to rest.
“2, A hewy purtu:le slides from. rest down o smooth inclmed
plane which 13 15 feet long and 12 feet high  What 1s 1tg vel:x:lty

when it renches the gm\md end how long does 1t take?

A s e

3.
& veJoct . ' N
e .
nelined .
down th
g fFort Leow: <

DO S ..

. N
485, A perticle slides withant, frictian daee = * = 3 =

mhe § N

mctrﬁs; . «

27, aer ss w vuutas Uneter ot a circle, whose plane is vertical)

PQ & dameter inclined at an angle 0 to AB  Find 8 so that the
fome j: sliding down PQ may be twice that of shding down A,

49. Theorem. The time that a body takes to slide
down any smooth chord of a vertical crrcle, which is drawn
Srom the lighest point of the circle, is constant.

Let 45 bo a diameter of a vertical circle, of which 4 18
tho highest point and 42 any chord.

LetLDAll ¢; pot AD=z and 4B =aq, s that

z=qcos b,

As in the last article, the acceleration down AD is
gcos 6. Let T be the time from .{ to D Then AD is
the distance desenibed in time 7’ by a particle starting
from rest and moving with acecleration g cos @

Sx=hgcos . I
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This result is independent of ¢, and is the same as the
time of falling vertically through tho distanco A2

B

Henco the time of falling down all chords of this circle
beginning at 4 is the same.
7 The same theorem will be found to bo true for 211 chords
of the same circle ending in the lowest point.

50, Lines of quickest descent. The line of
quickest descent from a given point to a curve in the sime
vertical plane is the strgight line down which a body would
elide from tho given pomt to the given curve in the shortest
time, 5t .

. It4s—rot; i "géneral, the same line as the geometri-
cally shortest line 'that can be drawn from the given point
to the curve[ For example, the straight line down which
the time from o given point to a given plane is least, is not
the perpend iazz]ar from the given point upon the given plane,
except in the éaso where the grven plane is horizontal.

51. Theorem. The chord of quickest descent from a
giren pownt P to a curve in the same vertwal plane is PQ,
there Q i3 a point on the eurve such that a eircle, having .P
at ity  highest point, tauc7w.v the curre at Q. N
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For let a cwele be drawn, having jts highest point at
Z, to touch the given curve externally in §. 'Take any

other point @, on the curve, and let PQ, meet ihe circle
again in R,
Then, since PG, is > PR,
the time down L’Q, is > time down PR !
But time down PR =tine down PQ (Art. 49),
50 that the time down 2°Q, is> time down PQ,
and @, is any point on the given curve,

Henge the time down 2@ is jess than that down any
other straight line from P to the given curve,

Simiiarly it may be shewn that, if we want the chord
of quickest descent from a given curve to a given point £}
we must describe a circle having the given point P as its
lowest point to touch the curve in @5 then Q2 is tho
required straight line.

Ex. 1. To find the straight ling of quickest descent from a given
point P m a given straight tine which «1 in the same vertical planeas P.
Tet RQ be the given straight hine. Then wa hava to describo &
circle lu\v‘lng its highest point at 2 to tonch the given etraight hige.
Draw PB horizontsl o meet 2C in B, From BC cot off & portion
BQ equal to BP. Then PQ is the required ckord; for it 13 clear
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that & cirele ean be dmwn to tooch NP sed BQ at P and Q re-
1 Bpectively.

B P

: >

Ex. 2. Tofind the Line of quickest descent from a given point to a
given circle in the same vertical plane, .

Join P to the lowest point B of the given tircle to mee the circle
aguinin Q. Then P'Q is the required Iine.  For Join 0, the centre of
the circle, to @ and produce to meet the vertical Lne through Pin C.

 The £ QPC= £ ORQ, sineo OF and CP aro parallel,
= 2 0QD= £ CQP.
Hence n cirelo whosa centre is €, and radins CP, will have ita highest
« pointat P and will touch the given circle 2t Q.

B

It P ba witkin the given circle, join P fo tha highest point and .
gr:dnca fo mee} the circumference 1n Q; then FQ will be the required
e. .
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Yor let a circle be drawn, having its highest point at
2, to touch the given curve externslly in Q. Take any

()1

Ay
Q B

other point @, on the curve, and let P@, meet the circle
agein in R,
Then, since P, is > PR,
the time down 1@, is > time down PR
But time down PR =time down PQ (Art 49),
50 that the time down PQ, is= time down PQ,
and @, is any point on the given curve.

Hence the time down @ is less than that down any
other straight Yine from P to the given curve.

Simiiazly it may be shewn that, if we want the chord
of quickest descent from s given curve to a given point I3
we must describe n circle having the given point 2 as ity
lowest point to touch the curve in @; then QF is tho
required straight line,

Trromettteag ottt .t ca L f
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that a circle ean be dmwn to touch BP and BQ at P and Q re.
spectively,

8 [

. &

. nx._a. To find the line of qiitcheat descent from a gicen pointtoa
giten circle in the same vertical plane.
Join Denar s PR

LT ’ ‘
= L0QB=£CQP.
Hence n. cirele whose centre is C, and radina CP, will have its highest
Pomnt at P and will touch the gwven circle at Q.

. A

, Q

B8

3 P bo within the given circle, join P to the highest point aud .
ﬁ;oeduce to meet the cirenmterence in' @; then PQ will be the required



b4 T DYNAMICS
e

63, Tx. 1. d cageinamineshaft descendaseleh 2 fi.see. unittof
acceleration.  After it has been in motion for 10 seconds o particle fs
dropped on 1t from the top of the shaft  1Vhat time elapaes befors the
particle hats the cage?

Let T be the time that elapses after the second particle starts.
The distance it has fallen throngh is therefors 4977 The cage has
been 1n motion for (T'+ 10} scconds, and therefora the distance 16 has
fallen through 1s

3.2(T+10)or (T+10)

Hehce wo have (T+10)?=4gT*=16T"
T+10=4T. )
. T=8} seconds,

YEx. 2. A stone 1a thrown vertically 1ith the velocity whsch would

/st carry 1t 20 a height of 100 feet.  Tico seconds later another stone is

< DFogeted vertically from the same place with the same velocity ; when
S ¢nd where will they meet !

Let u bo the inl velocity of projection Since the grestest
height is 100 feet, we hav

. * 0=17-29.100.
u=f29.100=80.

Let T'be the time after the first stone starts before the two stones
meet.

Then the distance traversed by the first stone In time T'=distance
traversed by the second stone 1 time (T-2)

. 80T~ 3pT2=80(r-2)~dg (T2
. =80T-160 4y (77— 4T +4)
YT - 4)=16(4T-4).
~ T =8}%econds.
Also the height at which they meet =80T~ 4972
: =980~ 196=81 feet.

The first stone will be coming down and the serond stone going
upwards - —

-+ 18

- 4 ~
N . v R
/ . EXAMPLES. VHOI -
2
4
™0 From u balloon, ascending with 5 veloaity of 22 ft. per second.
a stone ds ot Tall and reaches tho gronnd in. 17 scconds; Low bigh
sy the balloon when the stone was dropped ? -
L & Lody bo et fall from 5 height of 61 foot at the samors
tastant that another is sent vertically from tho foot of the height

el R
s :
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met ?s. velocity of 64 feet per second, what time elapses befors they
mee
(3}
1¢ the first body starts 1 sec. later than the other, what time will”
elafse?
. kg

. A tower iz 288 fect high; one body 12 dropped from the top u{q
tho tower and at the same lnstant another 1s projected vertically

4. A body is dropped from the top of a given tower, and at fhe”
sime instant & body 1s projected from the foot of the tower, i the
same vertical line, with a velocity which would be jast sufficient
fo tnke 1t to the same height ns the tower; find where they will |
meety (-

¢ X8 { particle is dropped from n height k, and after falling Frds
ofMhat distance passes & particle Which was projected upwards a the
mstint when the first was dropped. Find to what height the latter
will g tain,” :

o, B. A boldy beging to slide down a smooth inclined plane from rest
1, 8 2 0ody begipd to such SR B MR pTHne Plane from rest

.o R e
j\"% A& bodly s projected upsards with velocity u, and ¢ sesohds’
alterwards another body 18 similarly projected with the same velocity ;

find s#hon and where they will meat, A

/AFB. X balioon ascends with & uniform pacoleration of 4 f.-ses.
unite; a the end of half & nunute a body 13’relessed frofi 1t ; find the
ting that clapses before the body reaches the ground. ¢

9, After a ball bis been falling under gravity for & seconds it *

Drased throngh a parie of glass and Joses half 113 veloeity; 1f it now
reach the ground in 1 second, find the height of the glasa above the

ground” [
/‘g;é/;. e e e TS
T T Oy

AABY Shew that the time that a particle takes to slile down 8%

3 chord of s vertical circle, starting from one end of a honzontal

" dimmeter, varics as the squaze yoot of the tangent & the inclimation of
tha chord to the vertical. - N
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713. A number of smooth rods mert in n point A4 and riogy plu:H
%n them nhde down the rods, starting simultaneously from .4

that after a time ¢ the rings are all on n sphere of radius —;~ .

14, A number of bodies slido from rest down smooth inclined
plsnes which all commence at the same point and terminate on the
same honizontal plane; shew that the velocitics ncquired are the
same,

15. Two heavy bodies descend the height and length respectively
of a smooth inclined plane; shew that the times vary as the spaces
deseribed and that the veloctties acquired aro equal,

v 16, A eny pticl s down » smooth snclmed plaso o giver
height; shew that the time of descent varies ag the secwt of the
nchinatton of the plane to the vertral,

Ve
17. A body slides down smooth chords of a vertcal circle ending -

in itslowest point; shew that the velocity on seaching the lowest
pont vares s the length of the chord.

107 T8 bon alealag damale paal abloo (i 21 e 15 V- 4 e Tomoab

P N R B PR~

©

——
%, If alength s be dinded into n equal parts at the end of each
of which the acceleration of a moving point 1 ereased by %, find

the veloaity of a particle after describing the distance s if it stuted
1 rest with acceleration f. v

1. from rest with 1 /i attheend omme
tit become; 2f; 1t becomes 37 at end of time 2¢, and so on, Find th
velocity at the end of time n¢, and shew that the distauce described IS

n(n+1) (2n+1), "

VC

V/ag2. A& body stasts from rest and rmoses with aniform scceteaitin:
shew that the distance described in the (n24n+ 1 Lth second 18 equal to
tha distance described yn the first n seconds together with the distance
deseribed 1 the first (n+1) secor

N .
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237 1t s pustic s coerc w o 2 srd wepnres A velaty
of ;m feas Per senendd mote a3 Drwe "338 a3 another 1 flllng

2

throogh the same dotares cev

i~ 32€ Jevnretzionl mrewn
een the rmmerieal Tau 2 f TTRTUT 2. 10 VO pludes. <

(. X tnlz e o m orstar e slaien 80 rest aY ancthen
ove mile cff, baing tx formuy ane sTated for the Ent Inds of the
Joumey and gmifirmly mrarted £ - e mrineder, 2od 1aX0s 3 mivuetey
todeserite tha whols @fitarce  F.nd the soceleratin, the retendaton,

/Am! the mayiem v <
, 1/55 An enzinedriver suddenly pzi on hus brake and shuty o
Seam when ke 24 running as full specd 1 the ¥ng seecnd aliors ands
the train travels 67 fect, 2ad 10 the text 3 feet. Frad the oxiginad
P e pinbuiili o Bssiituns thaly -

.

AR
o ST T . )
oo e .- :
A in goes - <

26 A reilway-train goes fom come slathn to another moving
daning the first part of the Jourzes with nauforts scoeleration £ when
Steam 13 shut off and the brakes are spplial, 1t moves with wifom
Telardation f*, 1f a be the distsnce between the shutions, shew that
the time the train tekes is

v

98, ALty asoend - fom A WA P e, o+ e

part of its ascent wit . .

upward force is cut ¢ . .

exrry it to the top. ' . .

Beceleration daring 1 - * - PO

velocity attained. .

T 29; A trmn crarts from rest and reaches s grestedt pnd e

. P ' .

“nu 0L ke Wi Joutling, e
. v .

P D S S RV .,




CHAPTER IV.
THE LAWS OF MOTION.

53  IN the present chapter we propose to consider the

production of motion, and it will be necessary to commence
3 with a few elementary definitions.

Matter is “that which can be perceived by the senses”
or “that which can be acted upon by, or can exert, force.”s

No definition can however be given that would convey
an idea of what matter is to anyone who did not already
possess that idea. Tt, like time and space, is a primary
concepttor.

A Particle is a portion of matter which is infinitely
small in all its dimensions, or, at any rate, so small that
for the purpose of our investigations the distances between
‘the dafferent portions of it may be neglected. Sometimes
bodies of a finite size can be treated as particles, as in the
case of a cricket ball thrown into the air, or of a stone
falling to the ground. Again in considering the motion of
the Earth round the Sun, the Earth it<elf may be treated
as & particle.

A Body is a portion of matter which is bounded by
surfaces, and which is Jimited in every direction, so that it
consists of a very large number of material particles
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The Mags of a body is the quantity of matter in the
body.
Force is that which changes, or tends to change, the
state of rest or uniform motion of a body
These definitions may appear to the student to be vague,
but we may illustrate their meaning somewhat as follows.
1f we have a small portion of any substance, say iron.
resting on u smooth table, we may by a push be able to
_move it fairly easily ; 1f we take a larger quantity of the
satge iron, the same effort on our part will be able to move
it loss easily. Again, if we take two portions of platinum
and wood of exactly the same size and shape, the effect
produced on these two substances by equal offorts on our
part will be quite different, Once more, 1f we have a
croquet-ball and a cannon-ball, both of the same size,
Iying ‘at rest on the ground, and we kick each of them
with the same force, the effect on the first is greater than
that on the second. 8o also wo can distinguish between
a cask full of water; and an empty one of the same size,
by watching the effect of equal kicks applied to them.
Thus common experience shews us that the same effort
applied to different bodies, under seemingly the same
conditions, does not always produce the same result. This
i3 because the masses of the bodies are different

54, If to the same mass we apply two forces in
succession, and they generate the snme velocity in the
same time, the forces are said to bo equal.

If the same force be apphed to two different masses,
and if it produce in them the same velocity in the same
tivle, the masses are sud to be equal.

The student will notice that we here assume that it e
possibla to create forces of equal intensity on different
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oceasiony, ey wo assumo that c
spiral sprng stretched tlxrougfl’:‘atfs‘rL:J:n“Te;“ry to ]\:NP o
snm;lwhen other conditions are una]tcx:]’ taneo s the
Obmi:x;c::r{‘lx’scipz:ng the same force m suceession we can
St e masses each equal to a standard unit of
e g o going would be a theoretical method of
ing equal masses, appheable under all cond -
practice, we shall find that equal masses have R
so that the process of weighing is the s ol veighes
method of comparing masses. mplest prostieal

55. The British unit of m

i ass 18 call
Pound,.nnd consists of 2 lump of plntiuuen(: ';;m Il}]perml
Westminster, of which there are in addit'epomcd -
accurate copies kept in other places of safetym" severs!

SR R SO T -

Oue Gramme=about 15-432 grains,
Qus Pound =about 453 6 grammes.

Density. The density of a uniform body is 1
it volume of the body; sosthat, if m 1,...:3
body whose @' % the

>

CO%

58,
wass of a v
s of yolama 7 of &
m="¥p.

57, The Welght of » body i
i earth attructs the body.

1t eau bo shewn the every
every vthet particl” - which ¥an
of the paied o and invers
tiatanien belueen 1 be dedu
fanee ‘thsfor

particle of

v
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58. The Momentum of a body 1 proportional to
the product of the mass and the velocity of the body,

If wo take as the umt of momentum the mementutn of
a unit mass moving with umt velocity, then the momentum
of a body is my, where m is the wmass and v the velocity af

thsbody. The direction of the momentum 15 the same as
that of the velocity.

Thus the momeatum of a body of 100 gramwmes moving with
velocity 275 ema. per see 1s 27500 centimetre-gramme vecond units
of momentum,

59. We can now enunciate what are commonly called
Newton’s Laws of Motion “The first two were discovered
by Gahleo (about the year 1590) and the third 1a some of
13 many forms was known to Hooke, Huyghens, Wallis,
“Wren and others before tho publication of the Principia®
They were put into formal shape by Newton in his Principin
published in the year 1686

They are;

Taw I. Every body contuties in 1 stute of rest, or of
uniform motion in a strawght le, except in 80 far as it be
campelled by external ympressed force to change that state.

““ Law IL.  The rats of change of momentum is propor-
tional to the impressed force, and takes place in the direction
s of the straight line in which the force acts.
" Naw IIL. To every uaction there is an equal and
opposite reuction.
No strictly formal proof, experimental or otherwise,
cam be given of these three laws. On them however is
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does not move hy itself, nor wnless 1t 15 acted upon by
n force external to itself

If » portion of netal attached to & prece of strng be
swung round on & smonth honzontal table, then, if the
string break, the mefal, having no longer any force acting
on it, proceeds to move an a straight line, ¢dz. the tangent
to tho circlo at the point at which its circular motion
ceased,

If & man step out of a rupidly moving train he is
generally thrown to the ground ; his feet on touching the
ground are brought to rest, but, as no force acts on the
upper part of his body, it continues its motion as before,
and the man falls to the ground

If a man be riding on a horse which s galloping at a
fairly rapid pace and the horse suddenly stops, the rider is
in danger of being thrown over the horse’s head.

If a man be seated upon the back seat of a dog-cart,
and the latter suddenly start, the man is very likely to be
left behind,

o

“;61. Law II. From this law we derive our methed of
measuring force.,

Let m be the mass of a body, and f the acceleration
!‘mduced in it by the action of a force whose measure
D

Then, by the second law of motion,

P rate of change of mowentum,

o rate of change of mv,

« m x xate of change of v (if = is unaltered),
Twm f.

S P= A mf, where X is some constant, .
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Now let the umit of foree be so chosen that it ™27
produce mn umt mass the umet of accelerution

Hence, when m =1 and /' = 1, we have P=1,
and therefore

The unit of force being thus chosen, we have
P=m f
Therefore, when proper units are chosen, the measur®

of the force is equal to the measure of the rate of clange
of the momentum.

62 From the preceding article 1t follows that the
magnitude of the unlt of force used in Dynamics depends
on the umte of mass, and acceleration, that we use. The
unit of acceleration, ngam, depends, by Arts 9 and 29, ont
the umts of Jength and time Hence the unit of foree
depends on our umits of mass, length, and time. Wben
these latter umits are given the unit of force iv & deter
minate quantity

When o pound, a foot, and a second are respectivelf the
units of mass, length, and time, the corresponding unit of
foreo 1s called a Poundal, .

. Hence the equation P=mf is a true relation,
m being the number of pounds in the body, P the
number of poundals In the force acting on it, and
fihe number of units of acceleration produced in
the mass m by the action of the force P on it.

This velation is sometimes expressed in the form
Moving Force
“Plass moved

N.B. Al through this book the unit of force used wilt
Lo a poundal, unless it is otherwise stated.  Thus, when we
say that the tension of a string is 7, we mean 7 poundals.

Acceleration =
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ca v L. . 1. Lo

Hence when the equation P=mf 13 used in this system tho force
must be expreseed tn dynes, the mass in grammes, and the acceleration
in centimetre-second units.

' 64. Connection between the unit of force and
the weight of the unit of mass. As explained in
Art. 49, we know that, when a body drops freely in vacuo
i moves with an ncceleration which we denote by “g”;
also the force which causes this acceleration is that which
we call its weight.

Now the unit of force acting on the unib of mass pro-
duces in it the unit of acceleration,

Therefore g units of forea acting on the unit of wass
produce in 3t ¢ units of acceleration (by the second law).
- But the weight of the unit of mass is that which pro-
duces in it ¢ units of acceleration,

Hence the weight of the unit of mass = g units of force.

65. Foot.Pound-Second System of units. Inthissystem
¢ is equal to 322 approximately.

Therefore the weight of one pound is equal to ¢ units of
foree, i e. to g poundals, where g = 32:2 approximately.

1 ..

Henes a poundal is approximately equal to J5g tmes
the weight of a pound, is. to the weight of about half an
ounce.

Since g has different values ab different points of the
earth’s surface, and since a poundal is a force witich is the
Sime everywhere, it follows that the weight of a pound
i8 not constant, but has different values at dif
ferent points of the earth.

r n i 3
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686, Centimetre-Gramme-Sccond System of units, In this system
7 18 equal to 981 approximately.

Thereforo the werght of one gramme 15 equal to g uruts of force,
1+ tog dynes, where

=981 approxtmately,

Hence a dymo 1s equal fo the weight of aboot ir of a gramme.

The dyne 13 & much smaller unit than & poundal  The approxi-
mate relation between them may be easily found as follows:

;,L‘, wt of a pound

One Poundal _
Oge Dyne 9;—1 wt. of & gramme
981 omepound _ 981
=45 ¥ Ga6 praimme = 37 % 453 6 (by Att. 65).
Hence One Toundal=about 13800 dynes.

EXAMPLES. IX. . ~4
y 3
1. A mass of 20 pounds 1s acted on by a constant force hich in
5 séconds produces a velocity of 15 feet per second. Find the force, if
the mass was instially at rest
From the equation v=t-+¢, we have fe X~ 3,
Aleo, 1t P be the force expressed i poundals, we have
P=20%3=60 poundals.

Hence P s equal to ihe weight of about §3, i ¢. 1%, pounds. >
2, A mase of 10 pounds is placed on a smooth horszontal plane,
‘and is acted on by a force equal to the weight of 3 pounds; find the
distance described by 1t 1 10 seconds.
Here moning force =weight of 8 Ibs =3g poundals;
and mass moved =10 pounds.
Tlence, 11t sec umits aro used, the acceleration= 22,

o0 that the distance required=1. ?g.loz:tso feet. R
. Find the magnitude of the fores which, acting on a kilogranme
Jor 5 seconds, produces sn it a veloirty of one metre per second.
Tere the velocity ncqaired = 100 cms, per sec.
" Hence the aceeleration=20 ¢ ¢.a units.
Tenos tho forco=1000x 20 dyneseweight of about 199020

20 a grammes.

or
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7 Find the weceleratton produced when
(1} A force of & poundals acts on & mass of 10 pounds
{2) A force equal to the werght of 5 pounds acts on & mass of
10 pounds,
{3) A force of 50 pounds weight acts on & mass of 10 tons, ¢

15, Find the force expreseed (1) 1n pouydals, (2) m terms of the
weight of & pound, that will produce 1 a mass of 20 pounds an

M:eéemhnn of 10 foot-second units, N
! Tind the force which, acting horizontally for 5 seconds on &

wass of 160 pounds placed on a smooth table, will generate in it &
veloclty of 15 feet pef séeond <

Find the magnitude of the force which, reting on n mass of
ll‘() ovt. for 10, seconds, will genernto in it & velomy of 8 miles per
on.r. IS

A force, equal to the weight of 2 1bs., acts on & mass of 40 Ibs, |
lor half & mmyte; find the veloeity ncqum:d end the space moved
zhmngh in thi3 time.

I v . PR . EEEEEEPEEN

N
.

Y )
mass? \. B} T - i‘
" 117 A body, of mass 200 tons, is ncted on by n fores equal to
112000 poundals; how long will 1t take fo acquirs n selodity of .

30 miles per Lour?

Q
19 In whattime will a force, equal to the weight of 10 1be., neting
on i aass of 1 ton move 1t through 14 feet? o

44, A henvy truck, of mass 16 tons, s standing at rest on o

smooth Line of rails A horse now pulls at it steadily 1n the direction
of the line of rails with a force equal to the weight of 1 ewt. How far

will it move in 1 nunute? N
BB e L e o ey s LTy
ot 27 " = o
distan . . .. EETI
force ¢ . . .-t -
et

' ~ - a o
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N
16. A force equal to the weight of kilogramme acts on a body
continuously for 10 scconds, and causes 1t to deseribe 10 metres in
that tyme; find the mass of the body.

BN

4 S
17. A honzontal force equal to the weight of 9 lbs, acts o

mass slong a smooth horizontal plane; after moving through a space

of 25 feet the mass has requred o velotaty of 10 feet per second; find

1ts magmtude, * -

. <

18 A hade - s ltothe

- nds tb'e

’
- <y
7187 A body, of mass 3 1bs 16 falling Wnder gravity ot the ruis of
¥300 feet per second. What 1s the uniform force that will stop it (1) i_‘}
"2 seconds, (2) m 2 feet? N

l/dm. PRI .

S . .
U e sus ) CLJIIB LS 190 forces, YOS

Y

‘21, A mass of 10 1bs, falls 10 feet rom Fest, and is then brought

 torest by penetrating 1 foot into some sand; find the averrge thrast
of thy sand on it. )

WL e

o

'Y e e '

. ' n O 4 wv wuu JULAie, when
expanded in the bore, was about 515 tons v eigjsts

e L, -

. . v

Ullnuti ¢

25 A suotor gar travelling at the rato of 40 kilometres pe Jioue
Lo Tepa st the mato of 40 ki :

Ty Mg e
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+ 67.  Apoundal and a dyne are called Absolute Units
. because their_values are not dependent on tho value of g,
which varies at different places on the earth’s surface. The
weight of a pound and of a gramme do depend on this
value. Hence they are called Gravitation Units.
88.  The weight of a body is proportional to its mass
and is independent of the kind of wmatter of which it s com-
~ posed.  The following is an experimental fact - If we have
an air-tight receiver, and if we allow to drop at the same
instant, from the same height, portions of matter of any
kind whatever, such as a pieco of metal, a feather, a piece
. of paper etc.,, all these substances will be found to have
always fallen through the same distance, and to hit the base
' of the receiver at the same time, whatever be the sub-
stances, or the height from which they are allowed to fall.
Since these bodies always fall through the same height in
the same time, therefore their 1elocities [rates of change of
space,] and their accelerations [rates of change of velocity,]
must be always the same,
i, S, o sty oy o, et
sy % small piece of puper; placo the paper on the penny, held
borizontally, and sllow both to drop. They will be foand to keep
together in thewr fall, although, if they be dropped separately, the
Denny will reach the ground much quicker than the paper. The

Pesny clears the air out of the way of the ﬁmpﬂ and 5o the sume
- Fesuli 15 produced as would be the case if there were no air,

Let ¥, and IF, poundals be the weights of any two of
these bodies, m, and m, their masses. Then since their
secelerations are the same and equal fo g, we have

i =mg,
and Wy=mg;
ST Bprimg oy,
or the weight of a body is proportional to its mass,



70 DYNAMICS

Hence bodies whose weights are equal have equal
masses; so also the ratio of the masses of two bodies is
known when the ratio of their weights is known.

The equation IF=mg 13 a numerical one, and means
that the number of units of force in the weight of a body
is equal to the product of the number of units of massin
the mass of the body, and the number of units of accelera-
tion produced in the body by its weight,

From the result of Art 61, combined with this article,

we have ’—I;, L , i.e. the ratio of any force to the weight
of a body 15 the same as the acceleration produced by the
force acting on the body to the acceleration produced by
gravity,

This form of the relation between P and f is preferred
by some.

69, Dx'stl'ntl:'on, ‘bitu'zcn mase and”mn'yhe. The seudeng must

Tho contasion is probal] ! to 8 great extent caused by the fact that
the word */pound * is wsed ip two senses Whucl aro scientifienlly
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HO. Wainhonn ke Cuiype - 7 - - .

Lh + reepesw v suu W 45 LS SAING eVErY-
Where,

.. When we use a spring balance, we compara the weight of the tea
with the force necessary to keep the spring stretched through a certain
distence * If then weo move our tea and spring balance to another

place, say from London to Pans, the weight of the tea will be different,
Wwhileh tha famnn wrmmemmad ¥ Ry :

PEERVRTITN

If we have two places, 4 and B, at the first of which the numeneal

~ value of g is grenter than nt the second, then 2 gven mass of tea Wil

EIN tested by the spring balance,] appear to weigh more at 4 than 1
loes &t B.

13 O BN LA L - N * .

. . a e appral
r

%0 welgh 37 % Ihs. in Tandon. Henos he should sell S22 Tbs. for

one shilling, or a4 the Tete of S50 shillings per pousd.

Tx, 2. A% 5 place 4, 9=82-24, and ab a place B, g=3212, A
merchant buys goods ab £10 per ewt. at A and sells at 2, vsing the
same spring balance. I hie 1s o gain 20 per tent., shew that his
welling ‘price must be £12, 0s, 10§d. per cwt.

¥1. Physical Independence of Forces. The
latter part of the Second Law states that the change of
motian produced by a force is in the direction in which
tho foreo acts.

Suppose wo have a particle in motion in the direction
AB pod o forco acting on 3 in the direction AC; then
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Hence bodies whose weights are equal have equal
masses ; so also the ratio of the masses of two bodies is
known when the ratio of their weights is known.

The equation ¥ =mg 18 & numerical one, and means
that the number of units of force in the weight of a body
is equal to the product of the number of units of massin
the mass of the body, and the number of units of accelera-
tion produced in the body by its weight,

From the result of Art 61, combined with this article,

we have £, :’-’, ie the ratio of any force to the weight

of a body is the same as the acceleration produced by the
force acting on the body to the acceleration produced by
gravity,

This form of the relation between P and f is preferred
by some,

69, Distinction. between mass and weight. The student must

[ SRS PUR S U A SN Tt st fnt #hnt

II may also be noted here that the expression *a ball of lend
we hing 201bs ** 19, :tnc!]y speabing, an nbbmvumon for *s ball of
Jead whoss weight is equal 0 the wcmbt of 201bs.” The mass of the
lead is 201bs ; 1t weight 1s 207 poun.
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the r
weigl ‘
where, |
.. When we use o, spring bulance, wo
¥ith the force necessary tn Toan tha e
stance

are the weight of tho tea
ot '

obmatals

will be dictent. -

It we hinve two places, A and B, at the first of which the numerieal
value of g is greater than at the second, then a given mass of tea will
E'fmtee:eﬂ by the spring belance,] appear to weigh more at 4 than 1§

at B,

Bx. L. A bhn amaniow 2t b e mmee =

s T
T 1bs. for

ono shilling, or at the rate of g% shillings per pound.

to welgh 24 Ihe. in Tondon. Henco ho showld sell

Tx,2, koot o e e A
merchant ty - . N the
mme gpri) . ' P . + his
belling price .

71. Physical Independence of Forces. The
latter part of the Second Law states that the change of
mation produced by a forco is in the direction in whick
the forcs acts,

Supposs we have a particle in motion in the direction
42 and & fowco acting on it in the direction 4C; then
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the law states that the velocity m the direction AB js
unchanged, and that the only change of veloeity is in the
directton AC, so that to find the real velocity of the
porticle at the end of o unit of time, we must compound
1ts velocity in the direction AR with the velocity generated
in that umt of time by the force in the direction AC.
The same reasoning would hold if we had a second foree
acting on the particle in some other direction, and so for
any system of forces Ifence if a set of forces act on a
particle at rest, or in motion, their combined effect is
found by considering the eflect of each force on the particle
Just as if the other forces did not exist, and as if the particle
were al rest, and then compounding these effects. Thie
principle is often referred to as that of the Physical Inde.
pendence of Forces.

As oo illustration of this prinerple consider the motion of o, ball
allowed to fall from the hand of a passenger in L3 train_which is

PRI TSP [ W R WA JUUY IR DU I S

72. Parallelogram of Forces. We have shewn
in Art. 30 that if a particle of mass m have accelerations
i end f; represented in murvmtude and direction by lines AB

and AC, then its dtant ion f; is rep



THE LAWS OF MOTION 73

, in magpitude and direction by 4.0, the diagonal of the
parallelogram of which 48 and AC are adjacent sides.

Sinco the particle has an acceleration £ in the direction
AB there must be a force P, (=mf,} in that direction, and
similarly a force P, (=mf;) in the dircction AC. Let
4B, and AC, represent these forces in magnitude and
direction. Complete the parallelogram A5 D,C,. Then
since the forces in tho directions 42, und 4C, are proper-
tional to the accelerations in these directions,

S AB G AD B.D  BD.

Henee, by simple geometry, wo have 4, D and D, in n

straight line, and

S dAD 4D i AB AL,

It follows that AD, represents the force which produces
the acceleration represented Ly 4D, and henco is the furce
which is equivalent to the forees represented by AB; and
40,

Flence wo infer tho truth of the Pamilelogram of Forcm
which may bo enunciated as follows:

If a particle de acted on by two forces represented in
magnituds and direction by the two sidet of @ paralldlegram
drawcn from a point, they are equiralent fo a forcs vepre-
#ented in magnituds and direction by the diagonal of the
paralielogram passing through the point,
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Cor. If in Arts. 13—19 which are founded on the
Parallel of Vel wo substi tha word “force”
for ¢ velocity  they will still be true.

73. Law IIL. 7o every action there is an egual and
opposite reaction,

Every exertion of force consists of a mutual action
between two bodies.  This mutual action is ealled the stress
between the two bodies, so that the Action and Reaction
of Newton together form the Stress.

Tlustrations. 1, If a book rest on a table, the book presses the
uhlm}:h & force equal and opposite to that which the table exerts on
the 3

. If  man Tewse & weight hy means of a string tied to it,
the string exerts on the man's hand exactly the same force that 1t
exerta an the weight, but in the opposite direction. A

3, The attraction of the earth on a body is ita weight, and
the body attracts the earth with a force equal and oppomte to
its own weight,

When & man drags & heavy body along the gronnd by means
of & Tope, the rope drags the man back with a force equal to that
with whieh 1t drags the body forward. {The weight of the rope 13
neglected.]
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opposite directions ab its ends  F is the honzontal force between
the earth and the body.

The man moves becanse F'> T.

The body moves because I'>F”.

Thus ab the commencement of the motion we Lave F'>T'> F',

‘When the man and body are moving unmiformly these threo forces
are equal.]

5. Inthecase of a stretched piece of indinrubber, with the ends
Leld in & man’s bands, the indiarubber pulls one hand with a foree
equal and opposite to that with which 1t pulls the other hand

The compressed buffers between two railway carrisges push ane
carriage with a foree exactly equal and epposite to that with which
they push the other carriage.
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If the string be shipped off the rim of the pulley, so that no motion
cazl ensue, then, in order fo balance m, and m,, the weights that must
be put 1nto the seale-pan

=wis. of C, 1y, and m, ~ wt. of the scale-pan
=40+70+80 - 10=130 grammes,
Hence when there is motion we sce, from experiment, that the tension
7% string 15 less than when the palley 13 not free to move

75. Two particles, of masses m, and my, are connected
by a light inextensible string; m,
s placed-on a smooth horisontal s T
table and the string passes over a
light smooth pulley at the edge of | T
the table, m, hanging freely, find k)
the resulting motion.

Let the tension of the striug be 7' poundals.

The velocity and acceleration of m; along the table must
be equal to the velocity and acceleration of o in a vertical
direction,

Let £ be the common acceleration of the masses.

The force on m, downward is m,g—T';

S RN« )

- The only horizontal force acting on m, is the tension 7';
[for the weight of m, is balanced by the resction of the
table].

R AN )

Adding (1) and (2), we have

g ={tmy + ma)f.
. ”
SSf= e
Bving the required acceleration.
mmy
7y

Hence, from (2), T'= 9 poundals =weight of a
body whose mass is -
mymyy
my +my’
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Neglecting the 4 grammes put on 1n order to overcome the Iriction,
we have m =265 and 1, =263+ 9,

S=xbvo,
197
10 =192 5oy .
snd bence =g g 50

TR ot 317,

This 13 n> accurnte & result as wo can expect to oblan from this
expenment

Thas the tension of the string 13 as found may bs experimentally
venfied ag tollows:
B o A N

A

™

Attwrh the palley to tha end A of & untform rod, which esn tam
alnit gt centre  Then If during the motion the pulley € be at seat,
the tunsion of the string AC muss, by rexult (3),

2T 4w, of pulley c.:wi'l'}i:j 74wt of pulley,
RN

ard hienon to heep the tear horlrontal weights must bo put Into the
scale pun wt S whick will fust balance this tensfon. -

Asa nueneal flastration tale ry =50 and me= B0 grammes; let
the riaes of the palley € Lo 40 gramtties and that of the scale.pan #
e 10 prammes.

Dudr,; e meton,
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1! the string be shpped off the tim of the pulley, so that no motion
can easne, then, in order to balance m, and m;, the weights that must
be put into the scale.pan

=wts, of C, m,;, and m, - wt. of the scale-pan
N =40+ 70+80 ~ 10=130 grammes.
Hence when there is motion we see, from experiment, that the tension
7“119 string is less then when the pulley is not free to mave.

75.  Two particles, of masses my and my, are connected
by a light inentensible string, m,
is placed- on a smooth horizontal Ms T
table and the string passes over e
light smooth pulley at the edge of l T
the table, my hanging freely, find k2]
the resulting motion.

Let the tension of the strng be 2’ poundals.

The velocity and acceleration of m;, along the table must
be equal to the velocity and aceeleration of my in a vertical
direction.

Let s be the common acceleration of the masses.

The foree on m, downward is m,g—T';

Somg=Temf e gl)

The only horizontal force acting on m; 1s the tension 7';

[for the weight of m, is balanced by thoe reaction of the

table].
S Pamef . )
Adding (1) and (2), we have
myg={m, + my) f.
. hiled
S my+ XA
giving the required ncceleration.
mymy
my + iy

Hence, from (2), 7=

body whose mase is

¢ poundala= weight of a

"ymy
m,+ "
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76.  Two masses, my and my, are connected by a string ;
my 18 placed on a smooth plane inclined at an angle a to the
horizon, and the string, afler passing
oter a small smooth pulley at the top
of the plane, supports my, which hangs
vertreally, 1f vy descend, find the re-
sulting motion

Let the tension of the string be
7 poundals, The veloctty and accele-
ration of my up the plane are clearly equal to the velocity
and acceleration of m, vertically. .

Let £ bo this common acceleration,  For the motion of
m,, we have

mg—-T=mf ... RN )8
The weight of m, is m, g vertically dowmvards
The resolved part of m,g perpendicular to the inclined
" plane is balanced by the reaction 22 of the plane, since .
has no acceleration perpendicular to the planc.
Tho resolved part of the weight down the inclined plane
is myy sin a, and hence the total force up the plane is
T -mygsina
Hence 7 —mgsina=my/,
Adding (1) aed (2), we eanly have
m,~mysina

St

7 g
7 Also, on substitution in (1), .
> Ty~ 1, 8in
Tem, @—j)wm,y[] STl J .
{1+ sing)
T en, vy

giving the tension of the striny
b
\
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) EXAMPLES, X.

-

1, A mass of 9 lbs, descending vertically, deags up & mass of

61bs. by means of & string passing over & smooth pulley; find the
wcegleration of the system and the tension of the strng.

» v 2. Two purticles, of masses 7 and 9 Ibs., sre connected by a hght
string passing over » smooth pulley. Find (1) their common accelera-
tion, (2) the tension of the stung, (3) the velocity ot the end of

Beconda And ) tha dtgbamnn 3. s b 1 & -
N

. 5
e v . )
-r ) . . .

;1/ 4 Masses of 450 and 550 grammes are connected by o thread

L)

weight,
Mg Two equal masses, of 31bs each, ara connected by u light
string hanging over & smooth peg; il o third mass of 3 Jbs. be laid on
ong of them, by how much is the pressure on the peg increased?
7. 'Two masses, each equal to P, are connected by o light string
Passing over » smooth pulley, and & third mass P is 1aid on one of
J them ;"find by how much thé pressure on the peg 15 increased.
h 0 8. Two masses, each equal to m, ave connected by a string J)nssing )
~ OVer'a emooth pulley; what mass must be taken from one and added
;0 Fae other, uo that the system may describe 200 fegt in 5 seconds?
Ryt 9, A masg of 8 Ibs,, descending vertioally, draws up & mnss of
© 21bs. by means of a light string passing over u pulley; at the end of
5w ﬁ&mds the stung breaks; find how much higher the 2 Ib. mass
8o, "

5 trea o morg, show that the pull ox the Book 13 equal o 2§Jb;.

. P
P 0. A body, of mass 9 Ibs., is placed on a smooth table at & -
istance of 8 faet from iis edge, and 1s connected, by & string passing |
OFer the edge, with » body of gnapydty s find” 1 T, L
{1} the common accel or, * T S T
the L-nf) the time that elapses bafors the body reaches the edge of
e,

550 (@) s selocity on leaving the table.
¥ 11, A mass of 850 grammes i3 placod on & smooth table at &
istince of 24535 ems from 1ts edge aod connected by a light stting
= Tassing over the edge with » mass of 50 grammes hanging freely:
Wt time will elapsy before the first mass Will Jeave tho table?
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mc]‘e. gl m}és_S lb's.. is plncgd_ on & smooth plane in-

A roass of 6 ounces shdes down n gmooth nclined plane;’

ose height s hall 1tg lepgth, and draws apother masy from rest over

a distance of 8 feet in 5 getonds along a honzontal table which islevel

with the top of the plane over which the string passes; find the maas
on the table.

.-

[0 X TP,
4] . A string fiung over a pulley bas at one end a welght of 10 1bs.
v.mllngt the other end welghta of & and 4 Ibs rvspectively: nlter being
{g motiont for § seconds the 4 Ib. weight 13 taken off; ind bow much
fqether the weights go beforo they fiesb come to rest. .
0 unequal masses are connected by & string passlng over
v a 5&9\]1 'xm"m(h l;lulle{, during the ensuing motlon n.f: that the
thrust of the ans o the pulley mpon its supports is always less
than the sum of tho weights of tha maxecs
bkt et to two
s Pand Q
= & a kel lo the
= 1len of the

Ir-q
Tyovur
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77. Motion on a rough plane. A particle
slides down a rough plane wclned to the horizon at an
angle a; if p be the cogfficient of friction, to determine the
notion,

Let 1 be the mass of the particle, so that its weight is
myg poundals ; let B be the normal reaction of the plane,
and ‘g R the friction

The total force perpendicular to the plane is
- (R ~ mg cos a) poundals, —
The total force- down the plane is (m(/sin a~puk)
poundals,

Now perpendicular to the plane there cannot any
wotion, and hence there is no change of motion.

Hence the acceleration, and therefore the total force, in
that direction is zero
.0 S Bmmgeosa=0.0" e (1)
Also the acceleration down the i)l.s:ne

Tn'a:‘:;i:g:—dc? ———s’i;—:»ﬂ =g{sin a—p cos a), by (1).
Hence the velocity of the particle after 1t has moved
from rest over a length { of the plane is, by Art. 32, equal .
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. 7209
- Hence the acceleration = B0= 2510

99 .
, :mﬂz.—sec units
Since the acceleration is known, we can, by Art. 32,
find the velocity acquired, and the space described, in a
given tme, etc ' *
-

n EXAMPLES XL

/. 1.” A mass of 51bs on & rough horizontal table Is connested by
string with a mas3 of 8bs which hangs over the edge of the table; 1t
the coeflictent of friction be 3, find the resultant acceleration.

Find elso the coeflictent of friction af the acoeleration bo half that
of & freely falling body
#n

A namAee 1 - - .

‘a . . .

. FPTSTRIRWARNT I T 1Y
/ 4. A body, of mass 10 lbs, is placed on s rough planc, whese
< coeflicient of friction is 5 and whose inclination to the horizon is
! of the plano be 4 fect and the body be acted on by a
fg:&';:\l&}:f f;hthe platig, oqual to 151bs weight, find the time that
elapees betore it reaches the $0p of the plane and ifs velocity there.
~ /5. 1t in the previous questlon tho boly be connected with & mass
{15 bs , hanging freely, by meana of a strng passing over the top of
tha plane, find the tume and velocity.
. A rongh plane Is 100 feet Jong and is Inclined to 1ke horizon at
_:.n fn le gt %?lhe coeflicient of friction beimy 3. and a body slides
do.m:n from rest as the higbest poins; find its velocity on reaching
ke bottom. .
! “1t the body sere projectzd up ihe plane from 1he bottom 3o as just
to reach the top, ‘ind Ita tngtial velociiy,
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7. Aparticle alides down a rough inclined plane, whose inclination

to the horizon x:; and whose coeflicient of friction i3 %; shew that the

timo of descending any space 18 twice what 16 would bo 1f the plane
were Prfectly smooth

. Two rengh plancs, inclined nt 30° and 60° to the horizon and
>f the zama height, are placed back to baeh; masses of 5 and 10 lbs,
we placed on the faces and connected by a string passing over the top

f the plages; if the coefficient of friction be ﬁ find the reselting
rweelofition,

M4, It in the previous question tho masses be interchanged, what
igjthe resnlling accelerntion?

1

10, A train is moving on horizontal railg at the zate of 15 miles
per houry if the steam be suddenly turned off, find how far 1t will go
ore stopping, the resistance bei,ng 81bs perton

11, If & train of 200 tons, sbving at-the rate of 30 miles per
hour, can be stopped n 60 yards, compere the frictional resistances
witlp the weight of » ton.

. A train is running on horizontal rails at the “ate of 30 mules
per hour, the resistance due to,friction, ete, being 1010 wt. per ton;
Ik the steam be shut off, find ¢f) the tune that elapses before tho fzain
cofes to vest, (2) the distance described in this time,

13. In the provious question if the traln be ascending an incline
of 11 112, find the corresponding tume and distance

xfu'\A traun of mass 200 tons fs running at the rate of 40 miles
T hour down an incline of 11in 120; find the resistance necessary to
516p it In half a mule,

L B PR I e S .

cl’l}l‘mg to rest. . .
17.. In the preceding gueshion, 1f on arriving at'the foot of the
Inclino o brake-yan, of weight 10 tons, have ell its wheels prevented
from sevolving, find the distence described, assuming the coefficlent of «
Inction between the wheels end the hno to be °5. .




86 DYNAMNICS .
. Tg
Hence the acceleration = 5059990

T%gd ft.sec units

Since the accelerstion is known, we can, by Art, 32,
find the veloctty acquired, and the space described, in &
given time, etc

Y .
EXAMPLES, XI e

/ 1. Amassof 51bs onn rough honzontal table is connected by &

string with & mass of 8 Ibs, which hangs over the edge of the table; i

the coeflicient of friction be 4, find the resultant acceleration .
¥ind also the coefficient of fnetion 1f the seceloratron bo half thit

of  freely falling body

19, A maes O0an g havisantal talla sdans aa et 8 pe iten tn

Find also the istance of the new posstion of equilibrium of Q from

1tginttial position. N
B b oap . .. UL
R L - -
. . e e

P . - o - '

Vo . .
4 4, A body, of mass 10 Ibs., is placed on & rough plane, whose
 corflcient of friction i3 3 and whose inclimation to the hortzon is

~

807; it the length of tho plano be 4 feet and the body o neted on hy s

force, paraliel 1o tho plane, equal to 13 Ihs. weight, find the (imo that

elapscs befaro it reaches the top of the plane and its velooity shere.
7}: 1t in the previous question the boldy 1o connected with & man
of 15'1bs , hianzing frecly, by i of & tring asiing over the top of
the plane, find the time and velocity.

- 6, Aroughplane i3 100 feet Jong and {1 inclined do the Lorlzon &t

an angle sin? , the corfclent of fnctlon beiny 4. and a body alides

down #4 from rest st $he highest points £nd I3 veloclty on reaching

the bottom. .

It the haly were prolected 6p the plane from the bottom s A fast

o reach the top, £ind ita initial velueity,
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™ 7. Aparticle slides down a rough mnchined plane, whoso inchination
othe Lorizan is ¥ and whose eoeflicient of frichon 133, shew tht the
tune of descending oy space is twico what 1t would bo if the plane
wero Jfrfectly smooth.

. Two rough planes, inclined nt 30° and 60° to the bonzon and
of the same height, are placed back to back ; mosses ot § and 10 1bs
are placed on the faces and connected by o string passing over the top

of the planes; it the coefficlent of friction bo Ji find the resulting
accelpfltion -

. Iin the previous question the masscs be interchanged, what
1sthe resulting ncoeleration?

.

10, A train is mbving on horizontal zailg at the rate of 15 miles

t hour; if the stenm be suddenly turned off, find bow far 1t will go
ore stopping, the resistance bexlng 8 Ibs. per ton

1, It o train of 200 tons, Mbving atethe mte of 30 miles per
bour, ‘can be stopped in 60 yurds, compare the Irictional resistances
le the weight of a ton.

AN el ell o B VU Y S

.
\}13. In the previous gnestion if the train be ascending an Incline
of1 mfuz, find the corresponding time snd distance.
I8
axly, . . . o rea oo
' .

~
| 29 A traln runs from rest for 1 mile down a plane whose descent
131 foot vertically for ench 100 feet of 1ts lengths if the resistances
€qual to 8 Ibs. per ton, how far will the train be carried slong the

bagzontal level a3 the foot of the incline?

#3674 tra 15 il
in of mazs 140 tons, trsveling at the yote of 15 2

coling fo reat. .

in " .

ir -
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In the first ¢asa we have
: R-20.¢=20.12.
. R=20(32+12) poundals=wt. of 27} Ibs
In the second case we have

- 20.9- B, =20.12
'\/ R=20(32-12) poundalss=wt. of 12} Ibs.

Ex, 2. Two scale-pans, each of mass M, ave connected by a dight
atring pasting over a small pulley, and in thew are placed mazses My
and AL ; shew that the reactions of the pans during the motion are

200, (+ 3, 2, (3421}
brasias Sl vy o
respectively

Let f be the common acceleration of the eystem, and suppose
2> N,

]
‘Then, &s in Ars 74, %& have
PR A
ST ALY
Tet P be the reaction between I, and the seule-pan on which it
tests; then the force on the mass M}, considered as'a sepurate body,
is¥fy_P Also its aceeleration s .

Hencs Mig~P=M,f,
s P=Mlg-f)
EUANLS A
937+ A+ 31,
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18 An engine, of mass 30 tons, pulls afler it n train, of masa
120 tone . supposing tho friction to bo 4%sth of the weight of the whola
train, caleuluta the force exertad by the enzine if s31he end of the first
mule from the start the speed bo rased 1o 45 mules por hour

What mnchine would be jest sufficient o prevent the engine from
moving the train?

Al down what inclne wonld the frmn run with eonstant
velowaty, Beither teant Hor brases bang on?

\/ 80. 4 lody, of mass m lbs, 1s placed on a horizontal
plane which is in motion wath @ rertical wprwcard accdlera
tion f; find the reaction between the body and the plane.

Let £ bo the reaction between the hody and the plane.
Since the acceleration 1s ver-
tically upwards, tlie total force R
aeting on the body must be ver-
tically upwards
The only force, besides X, j
acting on the body is its weight 'mg
mg acting vertically downwards

”n

Hence the total force 15 R — mg +crtically upwards, and
this produces an acceleration £} hence

R - mg=mf, giving B.

In & similar manner it may bo shewn that, if the body
bo moving with a downward acceleration £, the reaction £y
is given by

mg— By mf. .

We note that the reaction is greater or less than the
weight of the body, according as the acceleration of the
body is upwards or downwards.

\{nx. 1. The body w1 of mass 20 ths and is moving with (1) an

« wpioard aceeleration of 12 ft wsec. units, (2) a downward acceleration of
the same magnitude, find the reactions.
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In the first ease we have
’ R=-20.g=20,12
o R=20(32+ 12) poundals=wt, of 273 Jby
In the gecond case we have
s 20.g- Ry=20.12
AV R=20(32 - 12) poundals=wt. of 12} Ibs.
x. 2, Two scale pans, each of man M, are connected by a Ight

atring passing over a wmall pulley, and tn them are placed marses My
and My; shew that the veactions of the puns during the motion are

QUM + M) and LM+ M)
BT AN I DY A T

regpectively.
Let f be the common accelernbion of the gystem, mnd suppose
> M.
Then, ps in Art, T4, we bave
-,
e ire Al
Let P ba the reaction between )/, and the ecale-pun on which it
restsy then the force on the mass M), conssdered as @ separats body,
isdfg~P. Also its ncceleration isf.
Hencd Myg-P=31,
2 P=3,(a-1)
1, (3 +1)
+AL"

B1. Three inches of rain fall in a certain dustrict in
12 hours.  Assuming that the drops fall freely from o height
of & quarter of a mile, find the pressure on the ground per
fquare milequ the district due to the rain during the storm,
the mass of a eubic foot of water being 1000 ounces.

The amount of rain that falls on a square foot during
the storm is } of a cubic foot, and its mass is 250 ounces,

. - Hence the mass that falls per second
- 250 1 5
=716 ¥ 12.60.60  144x96

The velocity of each raindrop on touching the ground is

"MARgRIA0X '3, or 16 /330 ft. per second.

1bs. per sq. foot,
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18 An engine, of macs 30 tone, palls afier it & t-uin, of mass
130 ton~ supposing tho friction ¢ be vtk of the weight of the whols
train, calculata the farce exettad by the enzino if ntthe end of tho S
mle from the start the speed be ratsed to 43 males per hour

What inchne would be just sufficicat to prevent the engine from
moving the train?

A donn whiat et na wonld the trn mmun with constant
velowty, either stenut Bor Lraaes bewg on?

80. A lody, of mase m ks, 1 placed on a horizontal
plane which 18 sn motion wath u veroscal upreard accelers-
tion f, find the reaction betiveen the body and the plans

Let £ Vo the reaction Letween the body and the plane

Since the acceleration 19 ver-

tically upwards, the total force R

acting on the body must be ver-

tically upwards PR ..
The only force, besides X, J

acting on the body is its weight ‘mg

mg acting vertically dow nwards.

Hence tho total force is 2 —myg vertically upwards, and
this produces an ncceleration f; henco

R - mg=mf, giving R.

In & similar manner it may bo shewn that, if the body
bo woving with a downward acceleration f; the reaction £y
is given by N

mg — By =mf. R

We note that the reaction is greater or less than the
weight of the body, according as tho acceleration of the
body is upwards or downwards,

tnx. 1. The body s of mass 20 10z and is moving with (1) an

+ upward aceeleration of 13 ft.-sec. umts, (2) a downward acceleration
the same magnitude; find the veactions.
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In the first case we hiave
R-20 g=20.12.
R=20(32+12) poondals=wt of 27} ibs
In tha econd ease we have

20,9~ I=20.12
\/ -, R=20(32 - 12) poundals=ut. of 12} Ibs.

Ex, 2, Two scale pans, ench of mass M, are conpected by a light
mmg patting over @ smatl pulley, and s them are placed masies an
and Aly; shew that the reactions of the pana during the motion are

RN AUCE AN AN S )
sy g FranE a1 ol
Texpectively.
Let f bo the common accelemtion of the system, and suppose
3> Ay
Then, asin Art. 74, wo bave

J=z

=My
(16+31,)
TES IR IA

g.

Bl. Three inches of rain full in a certain disirict in
12 kours  Assuming that the drops fall freely from o height
of @ quarter of a mile, find the pressure on the ground per
square mile of the district due to the rain during the storm,
the mass of @ cubic foot of water being 1000 ounces,

The amount of rain that falls on a square foot during
the storm is 4 of a cubic foot, end its mass is 250 ounees.

Hence the mass that falls per second
L VS S

16 " 18,60, 60° 144x96
The velocity of each raindrop on touching the ground is

Jmo %3, 0r 16 /330 1t. per second.

1bs. per sq foot,
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Therefore tho momenturn that is destroyed per second is

330

5
144 x 96 864

% 16,/330, or 5)(--4 units of momentum

But the number of umts of momentum destroyed per
second is equal to the number of poundals in tho acting

force (Art 61).

Hence the pressure on the ground per square foot

5,/330

864

= poundals.

Hence the pressure per square mile

=weight of 9 x 4840 x 640 x

5,/330

836 1O

=weight of 41 tons approximately.

In general, of a jet of water hit o wall, the pressure on
the wall per square foot is m:? poundals, where v is the

velocity in feet per second and m
is the mass of & cubic foot of water
in s, For a mass mt hits the
square foot in exch second, and the
velocity of each particle of the water
is v, so that the total momentum
destroyed per sccond =mv x v=me?

82. Atwood’s Machine.
This machine is used to verify the
laws of motion and to obtain a
rough value for g. Tn its sunplest
form it consists of a vertical pillac
AR firmly clhamped to the ground,
and carrying at its top o light
pulley which will move very freely,
This pillar is graduated and carriex
two pltforme D and F, and a
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ring E, all of which can be affixed by screws at any height
desired. The platform D can also be instantaneously
dropped. Over the pulley passes a fine cord supporting
at its ends two long thin equal weights, one of which, 7,
can freely pass through the ring £, Another small weight
@, called a rider, is provided, which can be laid upon the
weight P, but which cannot pass through the ring &

The weight @ is laid upon P and the platform D 13
dropped and motion ensues, the weight @ 1s left belund
a3 the weight P passes through the ring, the weight P
then traverses the distance EF with constant velocity, and
the time 7' which it takes to describe this distance is care-
fully measured.

By Art. 74 the acceleration of tho system as the weight
falls from D to & is

+Py—P Q
gngiTP e gizp?

Denote this by £, and lot DE=A

Then the velocity v on arriving at & is given by

C vt =3fh.

After passing F, the distance EF is described with
constant velocity v

Hence, if EF=h,, we have ..

%

/

&,
L P
T=v=T27% |
\20 -
T s
. S lP= Top ghl
Since all the ties involved can be d, this

relation gives us tho value of g
By giving different values to P, @, h and Xy, we can
in this manner verify all the fundamental laws of motion.
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t

Now alter the conditions, Mako P equal to 49 and ¢ equal to £ 0zs
The mass moved is still 100 ozs. and the moving forco 13 now the
weight of 4 ezg,

The scceleration is now lié’o and the veloctty ut B

iq £
=A/2. 5. 1= d
N 1={ fect por second

In 2 seconds the mass would novw describo 3% feet, 50 that, 1f our
Bypothesis bo correct, the platform I must be twice as far from E as
before.  This is found on trial to be correct
+ Sinilarly if we make P=45} ozs. and Q=9 ozs , so that the mass
l’!l‘!?n.\i is still 100 ozs , the theory would give us that EF should be
“g- feet, and this would be found to b correct

The experiment should now be tned over agmun ab snitio and P and
9 be grven duferent values from the nbove., aiterations should then b
made 1n their different vales so that 2+ Q is constant

By the same method to shew that the force varwes as the mass when
the aceeleration 15 constant,

As before let P=49} azs. and Q=1 oz. 50 that, as in the last
experiment, we have EF=$ fect

Secondly, let P=99 ozs, and Q=2 ozs., so that the moving force
13 doudled and the mass moved is doubled. Hence, 1f our enunciation

cerrect, the accelerntion should be the same, since
second moving force _ first moving foree
second miss moved  hrst mass moved

The distance EF maved through m 3 seconds should therefore be
the game ps before, and tlus, on tral, is found to be the case,

Bimilarly 1 =148} ozs, = . the same result
R

Tn apbnat cn

ov .
bet

2

grc .

0% ba counted as part of Q in the above work.

- EXAMPLES. XII

b

M. It Ijump o . ght in my hand, o
. D off & table with & tenty-pound weight in my hand,
W.l;nt is the thrast of the weight on my bnmﬁ
2. A mass of 20 Ibs, rests on s honizontal plane winch 1s made to ™
ascend gl) with & constant veloaty of 1 foot per second, (2) with 5
onstant acceleration of 1 foot per second per second find in each
430 the reaction of the plane.
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3. Aman, whose mass 15 8 stone, stands on a lift whick moves

with o uniform nceeleration of 12 ft .sec unita; find the reaction of

the fhor when the Lft 15 (1) ascending, (2) descending

/4. A bucket contuming 1 ewt. of coal is druwn up the shaft of &

coal-pit, and the reaction between the conl and the bottem of the

.lbmcl!:e: 1s5°equal to the weight of 126 1bg. Tind the acceleration of the
ucke

. A balloon ascends with a uniformly accelerated veloaity, so
that a mnss of 1 ewt produces on the floor of the balloon the same
thrust which 116 ths, would produce on the earth’s surface; find the
height which the balloon will have attarined in one rmnute from the
time of starting o

_/ 7. A stnng, passing over a smooth pulley, supports two scnlé-/

umiform and continuous

Q. Find the pressure in lbs. Wt per acre due to the impact of at
fall of Tan of 3 inches 1n 24 hours, supposing the ran to have &
Seloeity due to falling freely through 400 feet
|4 510, A jetof water 15 projected against & wall so that 300 gallons
‘strike the wall per sccond with s honizontal yeloeity of 80 feet per
second, Assuming that o gallon contamns 277F cubio inches and that
the mass of a cubic foot of Water 13 1000 ounces, find the reaction af
the wall 1n ponnds’ weight. "

11, Thet inan Atwood
and an additional mass of 10 grammes Leng placed on one of them
it 15 observed to descend through 10 metres 1n JO seconds; hence
shew that =980

:

542, Esxplam how to use Aiwood’s machine to shew that a body

aNed on by a constant force moves with constant acceleration.

—
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v

¢~ 18. Sixtcen balls of equal mass are strung hike bends on & string;
some aro placed on n smooth inclined plane of inchination sin-14, and
the rest Liang over the top of the plane, how have tho balls Leen

aranged if the accelertion at first be g >

it JY WOWA AN ATELY HOI ¢S LUIOUGT LG SAILS UISUAICE, LUd
the ratio of P to Q.

. “
/715, P hangs vertically and s 9 Ibs , @ 18 & mass of 61bs on s
,Mmooth plans whose mclination to tho Horizon 15 80°; shew that P
w1l drag Q up the whols length of the plane in balf the time that @
(?gmg vertically would take to draw P up the plane.
4 AR Tt tha hateht at an Inslinad nlans ha 19 fast and tha hoce \
1 . .

7 the coeffiglent of frietion for each plane s &
. v

e PRPEIT N S R

= . P .
e e e FEEEE I

Ve miw Rl

— w k¥l <

0. “Two mnsses are comnected by . string passing over & small
puliey; shew that, 3£ the sum of the masses be constant, the fension
of the string is greater, the less the acceleration

.21, A mnss m, hanging at the end of a string, draws s mass m, %
along ‘the surface of g smooth table; 1f the masd on the table bo -
doubled the tension of the string 1s incrensed by one-half; find the
Tako of m, to my. s
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st

S22, Two bodie, of maves 9 and 16 Ibe grapectively, ato placed

en & arooth honzontal Gble 8t dietance of 10 fwty if they were
aow to attract euch other with a conetant e equal 191 1b, wi at all
distanre s, find afler what tume they would meet

iley the freo end of
PRI Flssryen

23, 1In the cace of A mngle morable

[T DA PR S T
tha « o PP . s
Lin . . e
par ¢ - . RN

08 A mas mowill just suppert A mass X fa a eysiem of

“iwo Tuuq. 1n which each string 18 attached to J7, the stringy being
farailel, | A 1racs w11 now attached to 3; find the subsequent

motion, nrglecting the weights of the pulleys

« 95, Assetem of threo mownble palleys, in which all the string?
+ are vertical and attachied to the beam, is employed to ralse n body, of
‘mass 1 ent, by means of one of masy 15 lbs, attached {o a string

passing over n smootl: fized pulley. Shew that the body will rise with

accelemtion 7+, the nunases of the pulless being nelected.

P T QPG S JO R T T S

/m and '

97. A rope hangs down over a smooth pulley, and a man of”
12 stono lets lumsel! down the portion of rope on one swle of the
pulley with umit aceeleration. Tind with what aniform sccelera-
tion a man of 11% stone must pull himselt up by the otber portion of
tl}: rope g0 that the rope may remain at rest.

~ . ! o - L o o

to the rope is % .
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Pon mee e -

ne Jatter n:a,ss 1 ;»; .

0 3L, d smooth wedge, of mass M, 3 placed on a horzontal plane,
and a particle, of mass i, stides doun tts slant face, which 33 inclined
atanangle o to the horizon, prove that the acceleration of the wedge
N - mgsmacosa

Mymsinia "

m [Let /; be the acceleration of the pmticle 1 & direction pernen-

dw s 1hie .
o

ular th and bom

1
1

mfy=mgcosa~RB . C e (),
- oand Mf,=Ttsina .. Bt
Also, since the particle remains m contact with the slant face, the
, weeeleration f, must be the same os the acceleratioh of the wedge
resolved in a direction perpendicular fo the slant face,
) . fi=fisma . @-
Solving (1), (2), nnd (3), we havef, ]



CHAPTER VI i
Birusse, WORK, AND ENERGY.

'84. Impulse. Def. The impulss of a force in a
- given time is equal to the product of the force (if constant,
and the mean value of the force if variable) and the tims
during whick it acts.
The impulse of a foreo 2 acting for a time ¢ is thercfore
P
The impulse of a force is also equal to the momentum
generated by the force in the given time For suppose a
particle, of mass m, moving initially with velocity w is
acted on by a constant force P for time 2. 1f / be the
resulting acceleration, we have P=mf.
But, if v be the velocity of the particle at the end of
time ¢, we have v=e+ft
Hence the impulse = Pt =m/ft=mv—mu
=the momentum generated in the given time.
The same result is also true if the force be variable.
Hence it follows that the second law of motion might
ave been enunciated in the following form ;
The change of momentum of a particle in a
glven time is equal to the impulse of the force
which produces it and is in the same directfon.
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85. Impulsive Forces. Suppose we have a force

P acting for & time 7 on a body whose mass 13 m, and let
.the velocities of the mass at the beginring and end of this
time be 22 and ¢ Then by the last article
Pr=m(v-u).

Tet now the force become bigger and bigger, and the time
T smaller and smaller Then ultimately 2 will be almost
infinitely big and 7 almost infinitely small, and yet their
prodact may be fimte, For example P may be equal to
107 poundals, 7 equal to 1—(1), seconds, and m equal to one
pound, in which case the change of velocity produced is
- the umt of velocity.*

To find the whole effect of a fimte force acting for a
finite time we have to find two thwgs, (1) the change in
tho_velocity of the particle produced by the forco during
the timo it acts, and (2) the change in the position of
the particle during this time. Now in the case of an
infinitely large foree acting for an infinitely short time,
the body moves only a very short distance whilst the force
is acting, so {hat this change of position of the particle
_may be neglected. Hence the total effect of such a force
is known when we know the change of momentum which .

. it produces.

Such a force i3 ealled an 1mpulsive force. Hence
- Def. An impulsive force is a very great force acting
Jor & very shor! time, so that the change in the position of
the particle during the time the force acts on it may be
neglected.  ts whole effect s measwed by its impulse, or
the change of momentum produced

In actual practice we never liave any experience of an
infinitely great force acting for an mfinitely short time.

42
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Approximatae examples are, however, the blow of & hammer,
and the collision of two billiard balls.

The above will bo true even if the force be nolf \mifor{ﬂ-h !
in the ordinary case of the collision of two billiard bal
\t}le force generally varies very considerably,
e, 1. A bady, whose mass is 9 Ibs , Is acted on by a force which

“Changes 1ts velooity from 20 myjay per hour to 30 miles per hour, Fin
thp mypulse of the forca.

}'Ans 132 waits of ympulse
N

Tk 2. A muss of 21bs ab rest ia struck and storts of with >
veloerty of 10 leet Dper second ; assuming the tume dunnng whic! ;

blow lasts to be one-hundredsh of 5 second, find the average valos of
the fores acting on the mass,

‘«lm 2000 poundals.
.'rv L PR
of .

the ' ‘
vh .

' Ans 4} units of imputse; 47 poundaly

780. Impact of two bodles. When two masscs .f

Ud Z impinge, then, by the third law of motion, the
action of A on 2 i, at each instant duying which they nre
in contact, equal and opposite to that of 2 on A,

Ifenve the impubse of the nction of .f ou / is equal and
opposito to tho fmpulse of the action of /2 an 1.

Tt follows that the ehange in the momentum of # l\-
equal and opposite to the change in the mnmrn{um. of ). N
and thereforo the sum of these changes, measundd in the
same dirvetion, i zero,

Hence the sum of the momentn of the two tnaseen,
measured i the same direction, fy unltered by theie
jmpart,



IMPILSE, WORK, 13D EXERGY 10t
7 B2 2 4 Body, of maw 31 o v wied eudaity 13 feet per
H0E orertitee i hondy, of mass 2T+ movend witk veleity 3 five per
=318 Che gante atratght line ami oy oniek wnd forme ong dody >
S0 £ velocity of this single body
L% Phe the required veloctty  Thon sioes thesurol ihe moments
35¢ fag bodres 14 unnltered by the =.uct, we Rave .
(@+9) V=318 +2 <345 Eals el momentam, P
. r SR,

Tz 2, e st eran - $3¢ seoond dody 3 moving i the
g,-.,,,,;‘;n’m{{n';; e ht of the ars ik 1he resulting velowitys

I this ense the momentom of toe £t bady fs reprosented by 3 < 13
=l th&lsul the 'a.wnd by -2+ 3. Heoce. if ¥, ba the requited

Yekeity, we have . .
B2V, =3x18-2x 3=33 units of momentum,
N

V=31 =63 fi. persec, RS
87. Motion of 2 shot and gun, When s gun iy
red, the powder 13 almost instantaneously vanverted fnta
2 gas at a very high pressure, which by its expansion
forces the shot out. The action of the gax i< Mmilar ta
that of & compressed spriog trring to recover ita natural
Position. 'The force exerted on the shot forwards.is, at any
instant before the shot leaves the gun, equal and (\ppm'ixe
t0 that ‘exerted on the gan backwardy, and thevefore the
impulse of this force on the shot is equal and opposize 1o
the impulse of the force on the gun.  Mence the moman-
tam generated in the shot is equal and opposite %o 31
Zenerated in the gum, if the latter bo free to zmove
0 AT 00 S 2 s i B T
ity of the gun. <
Since the momentunt of tho Fun Is equut evd gommeiize oy opi o o

the shot wo kive, if ¥ bo the velocity eommuriemis 2y dg gug,
- 50% 2210 x v= 200 x 977 =

& =R perge.

C
&
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-‘ EXAMPLES, XITL Yy
. .

* 1., A body, of mass 71bs , moving with & velocity of 10 feet per
second, overtakes & body, of mass 20 Ibs , moving with a veloeity of
2 feet per second 1n the same direction as the first; if after the impact
they move forward with a common veloeity. find its magmmde; N

" 2. A body, of mass 81bs , moving with 2 velocity of 6 feet per

lecond, overtakes a body, of mass 24 Ibs , moving with & velocity of
2fcet fe_recond 1n the same direction as the firss; 1f after the impact
they coalesce into one body, shew that the velocity of the eompound
body 18 3 feet per second,

It they were moving mn opposite directions, shew that alter impact
the compound body 1s at rest
ALl feaeaanl PR . b

/4. Ashot, of mass1cunce, is projected with a velocity of moo‘fé‘ee '
per second from a gun of mass 10 bs.; find the velocity with which/”
the latter begns to recoil. \/ .
5. Ashot of 8001bs is projected from a 40-ton gun with & velocity
of 2000 feet per second; find the velocity with which the gun would
copgmence to recol, if free to move in the hine of projection.
! -
6. A shot, of mass 7001bs., is fired with a velocity of 1700 feet per
nd from a gun of mass 83 tons; if the recost resisted by &
constant force equal to the weight of 17 tons, throvgh how many,
feepwill the gun recod? . i[
3. A shot, whose mass is 800 Ibs , Is discharged from an S+l
s1th & veloaity of 1400 feet per second ; find the constant forced)
which acting on the gnn would stop 1t atter & recort of b feet,
n, of mass 1 ton, fires a shot of mass 28 Ibs. and recols
ﬁ im’;\oﬁx inclined plane, rising to a height of 5 feet ; find the 1nitiald
velocity of the projectile.
88. Work. We have pointed out in Statics, Chapter
i, that a force is said to do work when it moves its
point of application in the direction of the force, The
wark is mensured by the product of the forco and the
distance through which tho point of application is moved
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in the direction of the force The umb of work used by
‘engineers is a Foot-Pound, which is the work done in
raising the weight of one pound through one foot.

The British absolute umt of work is the work done
by & poundal 1n moving its point of application through
one foot.

This unit of work is called a Foot-Poundal.

"Waith this umt of work the work done by a force of P
poundals in moving its point of application through s feet
is P. s foot-poundals. .

Since the weight of a pound is equal to g-poundals, it
follows that o Foot-Pound is equal to ¢ Foot-Poundals.

The ¢ a.8. tnit of work is that done by a dyne 1n moving its point
of apphcation throngh a centumetre, and 15 called an Eirg.

~Poundal Poundal x Foot 12
- 4 Fo:; g‘lgn = Do Contmmetre— 10000 X gy newly
[Arts. 66 and 3]

. =421390 approx.

When an agent 13 performing 1 Joule, s e, 107 Ergs, per second it
13 said to be working with a power of 1 Watf. One Horse-Power is
eqngmlent to aboub 746 Wafts,

9. Ex. 1. TVhat is the H.P. of an engine which can yust keep a
tratn, of mass 150 tons, moring at a uniform rate of 60 smles per hour,
the resistances to the motion due to friction, the resistance of the air,
etc. Leing taken at 10 1bs, werght per ton?

The forea to stop the train is equal to the weight of 150 x 10, i.c.
1500, Ibs. weight.

Now 60 miles per hoyr is equal to 83 feet per second,

Hence  foree, equal fo 1500 Ibs. wt , has its pomnt of sppheation
moved throngh 883 feet 1n a sccond, and hence the work done is
1500 x 88 foot.pounds per second.

It z be the mr. of the engime, the work it does per minute is
% 83000 foot-1bs., and hence the work per second 15 £ x 550 foot-1bs,

& @x350=1500x 88,

J N L z=240,
-

. o
o
©
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Since in 210 seconda & velocity of 41 fect per second s generated
the neecleration of the train must be 46 or 1) toot second units.

et the force exerted by the engline be I’ poundals.
The restetance due to friction is cqual to 800 pounds’ welght;
hence tha total lon‘; on the tmin 14 I'- 8007 poundals

Hence . p-soopmoxz.no,;’).

154 151
i I’=b00(ﬂ+ e )Nundnli:ﬁoo(] *axa'.»)“” weight

125

=800 x & Iba. weight.

Wlen tho tram is morving nt the rate of 30 miles per hour, the
work dono per second must be 600 x 1 x 41 foot-Ibs

Hence, if = be the ip. of tho engine, we haye

5502800 172 x 14
z Xoge ¥
, .. z=166}
R s e,
. . '

<6 that the total force to 1mpede the motion is equal to the weight of
100 1bs.

Tet  bo the velocity of the tran in feet per second. Then the
work done by the engine 18 that done in drezmng a fore equal to
the weight of 2400 1bs_ through v feet per second, and is equivalent to

2100v foot-pounds per second.
But the total work which the engine can do is
110,000 foot-pounds per second.
Hence 2400v=110000,
1100
or . v 21
andhence the velocity of the train is 81§ miles per hour,

200 x 83000
e %
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EXAMPLES. XIV,

f A trawn, of yaass 50 tons, is kept moving at the umform rate

'ol 30 xmles per hour on the level, the resistance of aur, friction, etc.,
beingA0 Ibs. weight per ton, Find the u.r. of the engine,

. What is the horse-power of an engine Which keeps a train
gomg at the rate of 40 miles per hour against a resistance equal
o 2000 Tis. weight?

, A tram, of mmss 100 tons, travels st 40 miles per hour up an
incline of 1200 Find the n 7. of the engine that will draw the
t:m?( neglecting all resistances exeept that of gravit; 7,

/4, A train of mags 200 tons, including the eng‘ns, is drawn

up 11 inchine of 3 in 500 at the rate of 40 miles per hour by an engine
1P ; find the resistance per ton due to friction, elc

Fmd the mp, of an engine whmh oan tmvel at'the rate of

2 tha pnnine

“ . -

: b«mz sapposed to ba constant,

‘A weight of 10 fong is dragged in half-an.bour through
lengih of 330 feet up & rough plane mclmed at an angle of 30° o the

honzun, the coefficient of friction being 3, £ind the work expended,
/nnd the 11 v. of an englra by which it will be done.
1) Find the work done by gravity on a stone havnng a mass of
Jdm’mg the tenth second of its fall from rest,
9. A steamer, with engines of 25000 .., ean be just kept
&Y the rate of 20 myles pc:rix onr. What is the resxstania of ﬂfe 5‘:&25
1o jts moti on7
) 90, Energy Def. The Energy of a body is its
C(IPM'RIJ Jor doing work and 18 of two kinds, Kinetic and
Potdntial, - N
e Kinetic Energy of & ody is the energy swhich it
Possesses by virtue of \ts motion, and is measured by i
amount of work that the body can perform against the ém-
- Pressed forees before its velocity is destroyed,
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A falling body, » swinging pendulum, o revolving fly-
wheel, and a cannon-ball in motion all possess kinetic
energy.

Consider the case of a particle, of mass m, moving with
veloaity %, and let us find the work done by 1t before it
comes to rest.

Suppose 1t brought to rest by a constant force P re-
sisting its motion, which produces in it an acceleration —f
given by P=mf.

Let « b the space described by the particle befare it
comes to rest, so that O0=12+2(—f).z;

S fe=dut
Hence thé kinetio energy of the particle
) =work done by 1t before it comes to rest
N = Pr=mfr=4ims®
Hence the kinetic energy of a particle is equal to the product
of its mass and one half the square of us velocity.

91. Theorem. To shew that the change of Linetic
energy per umt of space is equal to the acting force

If a force P, scting on a particle of mass ¢, change its
velocity from % to v in time ¢ whilst the particle moves
through a space s, we have 11— u? =95, where f is the,
acceleration produced.

N Lk L2 R (.
8

This equation proves the prop ition when the forco is
constant.

When the force s variable, the same proof will hold
it we take ¢ so small that the forcelP does not sensibly
alter during that interval .
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A falling bedy, a swinging pendulum, a revolving fly-
wheel, and a cannon-ball in motion all possess kinetic
energy.

Consider the caso of a particle, of mass m, moving with’
veloaity u, and let us find the work done by it before it
comes to rest

Suppose 1t brought to rest by a constant force P re-
sisting its motion, which produces in it an acceleration —/f
given by P=m/f ’

Let  be the space described by the particle before it
comes to rest, 5o that 0=u*+2(—f).z,

L Se=hd
Hence the kinetio energy of the particle
J =work done by 1t before 1t comes to rest
=Pr=mfr=}imut
Ience the Linetic energy of a partwle is equal to tha;;roducl
of tls mass and one half the square of its velocity. .

91. Theorem. To shew that the change of kinetic
energy per unit of space s equal to the acting force.

If a force P, acting on a particle of mass g, change its
velocity from w to » in time ¢ whilst the particle moves
through a space 5 we have v?—w?= 5, where f is the
acceleration produced.

Ime® — Ponu?

PR s S .

This equation proves the proposition when the force is
constant.

When the force is variable, the same proof will hold
if we take ¢ so small that the force P does not sensibly
alter during that interval N

'
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™ Cor. It follows from equation (1) that the change in
the kinetic energy of n particle is equal to the work done
on jt.

On multiplying the first and third relations of Art. 32

X bym we have
w3 m(p-u)=mu =Py
and \. Im (v — o*) = mfz = Pe.
These are “often’known as the Momentum and Enrergy
Equations respectively. Expressed in words, they state that
Change of Momentum = Force x Time,

and Change of Kinetic Energy = Force x Space,

82. The Potential Energy of a body is the work it
can do by means of its position in passing from ils present
configuration to some standard configuration (usually called
ils zero position).

A bent spring has potential energy [as in the case of a
wa.tcb -spring which, by its uncoiling, keeps a watch going’
iz the work it can do in recovering its natural shape.

A body raised to a height above the ground [e.g. & clock-
weight, when the clock is wound up, a stone at the edge of
a precipice, or water stored up in a reservoir] has potential
energy, viz. the work its weight can do as 1t falls to the
earth’s surface, which isx usnnlly taken as the zero of
potential energy. Compressed air has potential energy,
vz the work it can do in expanding to the volume it would
occupy in the atmosphere.

93. 4 particle of mass m falls from vest at a height I
above the ground ; to shew that the sum of its potential and
kinetic energies ia constant throughout the motion.

Let H bo the point from which the parhcle starts, and
O'the point whero it reaches the ground_
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A falling body, a swinging pendulum, a revelving fly-
wheel, and s cannon-ball in motion all possess kinetic
energy.

Consider the case of 2 particle, of mass m, moving with’
velocity u, and let us find the work done by it before it
comes to rest.

Suppose it brought to rest by a constant force & re-
sisting its motion, which produces in it an acceleration —f
given by P=mf ’

Let x be the space described by the particle before it
comes to rest, 50 that 0=2%+2( /). x;

o Sfo=fud
Hence the kinetic energy of the particle
J =work done by it before it comes to rest
= Pz=mfr=}jmu
Hence the Kinetic energy of a particle is equal to the product
of its mass and one half the square of its velocity.

81, Theorem. 7o shew that the change of Kinetic
energy per unit of space 1s equal to (ke acting jorce

If & force P, ncting on a particle of mass g, change its
velocity from w to v in time ¢ whilst the particle moves
through & space z, we have ©*— = 23f;, where [ is the.
acceleration produced.

R bt LYY )

This equation proves the proposition when the forvo is
constant. .

When the force is variable, the same proof will hold
if wo take ¢ so fmall that the forco P does not sensibly

alter during that interval
'
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Cor. It follows from equation (1) that the change in
the kinetio energy of a particle is equal to the work done
on it,

On multiplying the first and third relattons of Art. 32
by m, we have

~} Q\,’g m (v —u)=mpt =P,
and < ScFm (P — ) =mfs = Ps.
These are often}knc\vn as the Momentum and Energy
Equations resp, ctively. Expresced in words, they state that
jChange of Momentum = Foree x Time,
and _/Chnnge of Kinetic Energy = Force x Space.

92. The Potential Energy of « body is the work it
can do by means of its position in passing from ils present
configuration to some standard configuration (usually called
#8 zero position).

A bent spring has potential energy [as in the case of a
“watch-spring which, by its uncoiling, keeps a watch going],
iz, thé work it can do in recovering its natural shape,

- A body raised to a height above the ground [e.g. a clock-

weight, when the clock is wound up, & stone at the edge of
& precipice, or water stored up in a reservorr] has potential
energy, viz, thé work its weight can do as it falls to the
earth’s’ surface, which is usua.lli taken as the zero of
potential energy. Compressed air has potential energy,
viz the work it con do in expanding to the volume it would
gceupy in tho atmosphere.

93. A particle of mass m falls from rest at & height
abors the grovnd ; to sheto that the sum of its potential and
Kinetic energies is constant throughout the motion.

Let H bo the point from which the particle starts, and
O the point whers it reaches the gronnd.
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Let » be its velocity when it has fallen through a
distance HP (=z), so that +*= 29z

Its kinetic energy at P = $mv” = myr '

Also 1ts potential energy at P

= the work its weight can do as it falis from P to 0

—mg.OP=mg (h~2).

Hence the sum of its kinetic and, potential energies at P

=mgh
But 1ts potential energy when at H is mgh, and its kinetio
energy there is zero.

Hence the sum of the potential and kinetic energies is
the same nt P as ot & ; and, since P is any point, it follows
that the sum of these two quantities is the same throughout
the motion.

As the particle falls to the gronnd it will be noted that
the potential energy which it has when at its highest point
(and which was stored up in it as it was hited into that
position) becomes transformed into kinetic energy, and this
goes on contimually until the pamcle rea.ches the gmund

when its store of ial energy b
In the case of a pendulum the potential energy which
the bob p when i ly at rest in its

highest position, becomes converted into kinetic energy as
the bob swings down to its lowest position, and is re-
converted into potential energy as the bob travels to its
next position of instantaneous rest at the end of its swing

94. The example of the previous article is an ex-
tremely simple illustration of the principle of the Conser-
vation of Energy, which tay be stated as follows :

j a body or system of Sodies ba sn tnotion under & con-
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~servative system of forces, the sum of its kinetic and potential
energies is constant.

-7 Forces, of the kund which occur 1 the material unaverse,
are said to be conservative when they depend on the position
or cowfigruration Only of the system of bodies, and not on the
velocity or direction of motion of the bodies

~ Thus from a conservative system are excluded forces
aof the nature of friction, or forces such as the resistance of
the air which varies as some power of the velocity of the
body. Friction is excluded because, if the direction of
motion of the body be reversed, the direction of the friction
is reversed also. )

When the forces are conservative, 1t is found that the
amount of work required to bring a system from one con-
figuration to apother is always the same, and does not
depend on the' path pursued Yy the system during the

lteration of its config

Referring to the case of a particle sliding down a rough
plane of length ? (Art. 77), we seq that the kinetic energy
of the particle on reaching the ground is

3m 291 (sin a— p cos a)), de., mgl sm a—mglp cos a.
Also the potentinl energy there is zero, so that the sum
of the kinetic and potential energies at the foot of the.
. plane is
, - mgl sin a — umgl coy a. \/

But the potential energy of the particle when at the top
of the plane is mg.dsm e, so that the total loss of visible
. mMechanical energy of the particle in s'hdmg from the
top to the bottom of the inclined plane is ,ngl cosa_
This energy has been transformed and appears c}ueﬁy in
the form of heat, partly in the moving body, and partly in
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the plane; it is ultimately dissipated into the sur 4
air,
Other cases of loss of kinetio encrgy occur in the exsmples of
tt.
In ench case the kinetic energy before impact

1 1,1 1 50
=, Bx1345.2x 3=

2623 foot.poundals.

T Tx 1, the kunetio energy after impact .
=; 5 9= i?: 202} foot-poundals,

In Ex 2, the kivetic energy after impact
1 33\ _ 1089
=§.5x (?) = W:xow foot-poundals

Hence 1n the two cases 60 and 153 6 foot-poundals of kinetic
enefzy respectively are lost

{95. Bx, 1. A dullet, of mass 4 ozs , is fired tnto a target witha
Yeloctty of 1200 feet per second  The mass of the targes is 20 lbs. and
12 1 free to move; find the 1oss of hinetic energy w foot-pounds.

Let ¥ be the resulting common velocninnl the shot and target.

Since no momentum 13 lost (Art. 86} we have

4\, 4
(2o+ﬁ) ¥= &m0, .
- 400

V=g

a7
The origmal kinetzo energy=1 111;' 12007 = 180000 foot.poundals.

1 4
Tho final kinetic energy =5 (20+ 1?;) o]

=2°g°° foot-poundals
20000 _ 1600000
The energy lost=180000 — To = EGT- foot-poundals

50000 4y s,
' B
Tt will be noted that, 1n tius case, although no momentum is lost
by the impact, yet §7 ths of the energy 19 transformed. )
Tt will be found that, in all cases of 1mpact, kinetio energy is lost
or rather transformed.
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Bx, 2. Compare the hinstic energres of the shot and gun in the'
ezample of Art. 8T.
The kinetic energy of the shot=3 400 x (900)* foot-poundals

200 x 9002 200 x 900?
=g fi.-lbs = 3B T3T0 1t.-tong
==2260 ft.-tons nearly.

+ The kinetic energy of the gun

1 4512
=3 602340 (ﬂ) ft.-poundals

4 GZ)’ 1t -tons=8 07 1t -tons nearly.

The kinetic energy of the shot is thus 280 times that of the gun,
although their moments are equal.

It s tc this great superiority 1n kinetic energy of the shot that its
destruetive power is due.

96, When we take into acconnt the energy which has
been transformed into heat, sound, light and other forma
which modern Physics recognizes as forms of energy, we
find that there is no real loss of emergy in an iscluted
system which is left to itself This doctrine of the
indestructibility of cmergy is the central Principle of
Modern Science, It may bo expressed thus;

,.~ Energy cannot be created nor can it be destroyed, but it
_ﬁmy be transformed into any of the forms which it can take,
. ~As a numerical illustration, it may be stated that
778 foot-pounds of work is equivalent to the heat necessary
to raiso the temperaturo of 11b. of water by 1° Fahrenheit,
i.e. 778 foot-pounds is tho mechanical equivalent of
Beat_

EXAMPLES. XV.
1, Abody, of mass 10 Ibs., s thrown up vertically with a velocity
©OF 8. foet per kecond; what s {ts kinetio energy (1) at the moment of
Propulsion, (2) after half s second, (3) after ove mcondz

2. Find the Linetic en: measared in foot-poands of a ernnon.
{ of ‘masa 25 pounds Tracharged with & velotity of 200 fact per
nd.
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3. Find the kinetic energy in ergs of a cannonball of 10000
graymes discharged with s velocity of 5000 contumetres per second.

3

4, A cangon-ball, of mass 5000 grammes, iz discharged with a

velocity of 500 metres per second. Find its Linetic energy 1n ergs,

and, 1f the cannon be free to move, and have & mass of 100 klo-
grammes,.find the energy of the recoil.
]

A bullet, of mass 2 ounces, 15 fired tnto n target with o velocity
1280 feet per sccond. The mass of the target 13 10 Ibs. gnd it 13
Tree to move, find the loss of kinetio energy by the impact 1 foot-
poyods.

6. Comprre (1) the momenta, and (2) the kinetic energies of o
Bullet of mass 4 ozs. and momng with & veloeity of 1200 feeb per
second, and & cannon-ball of mass 15 Ibs moving with a velocity of
40 feet per second .
S Find the uniform forces that would bring each to rest In one
second and the distance through which each would move

97. As a forther illustration of the use of the Prnciples of
AMomenylim and Energy, consider the follawing examples
(:‘,X’::x. 1. A hammer, of mass 3 Ibs , falls from a height of h feet
JHipon the top of @ pule, of mass m lbs , and drivevss anto the ground a
distance,a feet; fund the resistance of the ground, s& bewng agsumed to
Le constant and the pile being supposed snelastic

Fund aleo the tume during whigh the pile 14 tn motion, and the Kinetic
energy lost at the tmpact.

et u be the veloeity of the hammer on hitting the pile, so that

W=2ph oo el (1

Tt v be the veloaity of the hammer and pile lmmediately atter the

Impact. Then the pnciple of Conseryution of Momentum grics
(M4m)e=Nu .. “

It P be tho resistanca of the ground in poundals, the force to reslst
the driving of the pile 1nto the ground = £~ (U +m) 7.

The Principle of the Conservation of Lnergy gives
H U4 m)I=[P - (U +m)g).a. .

WPy ()

.

an w '
(A hm) 9+ g 5o, Ly (2,

pICY ) — i
=(Jl+n«)y+:‘1¢; y;.\/
? A

i P
A weight of slighily more than g 21bs. placed on the pile
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would thus slowly overcome the resistance and just drive the mile

.. The principle of Bomentum gives the time ¢ during which the pile
ig in motion.
[P (i +m)g]xt=change p the mm\m}l\‘.um .
'

=(. .r‘._:x e=My, T

b :
& o o A=
onmz\ EX S 2a Mu,
and g Mam 22 Mim [T -

M e T r'
The kinetic energy lost at the impact
=3 M- L (A4 m)v?
1 A

147, N
. =}ane-3 WL o
- Mim ’<.\'\\

= e x energy of the Lammer on striking the pile.
i prew T
The greater that M is compiifed With i, ¢-c. the greater is the mass
©f the hammer compared with that of the pile, the Jess 1s the fraction
Pl thefhergy wluch is destroyed.

x. 2. Motion of a bleyele. A eyclist, whose weight added to
(\ that of Ris mackine ix 200 s , 17 riding on & level voad at the tate of
T L L ! ;

By saying that n bieycle is *geared up®* to 70 inches, wo mean

. th ’
heenrsr TS Terolution of the puers Toet My UsvTis ginces
701 Ve . .

AN Then In one completa revolution the work done=2x /s 3 §fb.1hs.
The work done against the resistance to the maekine n this fime
=w x5 fhlbs,
Assuming that no work s lost on sccount of frietlon, in other

words that ihe blevclo is n theoret.eally perfect ene, wo have by
equating these works,
2xPx}fanxii <l ~

§e. Pordteaso} foe, wh. neadly, ¥
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work done per minute=5 x 83 x 10.
- rmteof wor]dng:%%? mr=yyur

If the eyelist were ascending an incline of 1 n 60 at the same rate,
find the downward thrust.

For ench complete revolution of the pedals he goes forward = .70
inches, 1¢ w {9 ft., and therefore Lfts humself and the machine
through a vertical distance of g xw 39 ft, and in so doing must
)p]erform an extra 552 x v x 8 ft.-1bs of work In this ease we then

ave .

The work done by the man per honr=5 x (5280 x 10) Iwy«is.

2xPxdi=r 19554292 xr 50,

P=4Fr=70} lbs. wt. nearly

EXAMPLES, XVI ° .

PR .o . .-

inversely proportional to their masses.
.
{ - . - . .

of the shot, shew that

travel this distance. X
Find also what fraction of the energy 1s dissipated at each blow.
A bullet, of mass 20 grammes, ia shot horizontally from a nfle,
tho bartel of which is one metre long, with & veloaty of 200 metres per
gecond into & mass of 50 lnlogrammes of wood floating on water.
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the ballet baries iteelf in the wood withont making any splinters or
causing it Lo rotate, find the veloaity of the wood ummediately alter it
isstruck.

Find also the averaze foros in grammes’ weight which 13 exerted on

" the bullet by the powder,

./ L-6. Ahammer, of mass 4 cwt., falls through 4 feet and comes to
Test after striking a mass of jron, tho duration of the blow being wyth
of a gecand; find the force, supposing 16 to be wuiform, which is
exex,tﬁd by the hammer on the 1run,

\{7_ Masses m and 2m are connected by n string passing over a
. 0oth pulley; at the end of 3 seconds & mass 7 18 prehed up by
the ascending body; find the resulting motion

8, Two equal masses, 4 and B, are comnected by an inelastic
thread, 8 feet long, and are lud close together on & smooth horizontel
table 3% feet from its nearest edge, B 1s also connected by a stretched
1nelagtic thread with an equal mass C hanging over the edge. Find
1ha velocity of the masces when 4 begins to move and also when B
artives a the edge of the table

8, Two masses of § and 7 Ibs. respectively aro connected by a
stnng prssing over a fixed smooth pulley; at the end of 8 seconds
the larger mass fmpinges on a fized welastic honizontal plane; shew
that the systera will be instantaneously at rest ot theend of 2} seconds
more

LN - e .

i
A
(12, A mass M after falling freely throngh @ feet begins to raise &
mass m %reu.f.er than 1tself and connected with 1t by means of an
inextensible string passing over o fised pulley. Shew that m will
¥e returned to its oniginal position at the end of fime
: 21 % .
WA . .
Find aleo what traction of the Visble energy of 31 is destroyed at
the snstant whea m 13 jerked tnto motion. -

]
&
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13, A lghtigelzstia stapg =-o~e- ~=== 5 * e o
and has masses of 12 ozs and
9 oz mass a bar of 7 028 15 pla . .
after 1t haa descended 7 feet fros
9 oz mass deseend ?

1t whenever the 9 0z mass passes up through the ring 1t carries
the bar with 15 and whenever 1t passes down through the ning 1t leaves
the bar belund, find the whola tume that elapsca before the system
comes to rest.

14. Two railway carriages are moving side by side with different
velocities; what 13 the nltimate effect of the interchanging of passen-
gers between tho earniages

_ .15, Axman of 12 stone ascends o monntain 11000 feet bigh in

16. A blacksmith, wielding o 14.Jb_sledge, strikes an yron bar
25 times per minute, and brings the sledge to rest upon the bar slter
each blow, 11 the velonity of the sledge on stnking the 1ron be 32 feet
per gecond, compare the rate at which he 13 working with a Lorse.
power.
/17 A steam hummer, of mass 20 tons, falls serheally throngh
§ fect, being pressed downwards by steam pressure equal to the weight
of 30 tons; what velooity will it acquire, and how many foot.pounds
of work will it do before counng fo rest?

11 foot-pounds.

[ Y R SN ERSURENUIE S

sron bemg F

o bicyelist alwaye works with vy 3t.r. and goes 12 miles
-,’unguzu o the lovel, Ehew that the resistance o The rond 12
4125 Tha. Wi

1t the mass of the machine and its rider be 12 stone, shew that
up o imclina of 1 in 60 the speed Wil bo reduced to about & 6 miles

per hour. -
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21, A man can bicyele at the rate of 16} mules per hour on &
smooth rond, He exerts a down pressare, equal to 20 lbs weight,
with each foot during the down stroke, and the length of this stroke is
12inches. If the machme bo geared up to 63, ind the work he does
Per minpte,

A rifle bulle} 1oses wyth of 1ts velocity n passing through &
an! d how many such unorm planks 1t would pass_through
fora coming to rest, assuming the resistance of the planks to bs

orm,

.94 A bleycle 13 geared up to 70 inches; the tider works at
{5 1 ». and makes 60 revolations per tuunute with his feet, Neglecting
rietion, find the resistance to his motion and the downward thrust on

his pedals (supposed constant), 1f the lemgth of the cranks be
6 inches.

. The mass of & rider and his dicyele is 180 1bs ; the maching
Is ranning freely down nn mchne of 1 in 60 at & uniform rate
02 8 mules per hour; shew thal to go at the same rate up an incline of
1in 100 he must work at the rato of 1034 2.

PRI J SO

the phts?

.. . Find also the rote at which the et is delrvering energy and express

it in terms o? & horse power,

7. A hammer, of mass 8 Iba., is used to dnve & nail, of mass

' & oz8., into & board, and the hammer when 1t strikes the nail has

B velocity of 8 feet per second  If esch blow drives the nail half an

inch into the board, find the resistance agmnst which the nail moves,

ot nail and hammer being treated ag inelastic.

Motion of the centre of inertia of a system of
rticles,

*98, Theorem. If the velocities at any instant of
any number of smasses my, my... parallel o any line fived in
e be v, ty, uy.. , then the velocity parallel to that line of
the centre of inertia of these masses at that instant i3

‘m,u, + Mty
T

b
w2




118 DYNAMICS

At the instant under consideration let a,, %, 2. be
the distances of the given masses measured along this fixed
line from a fixed pont in 1t, and let @ be the distance of
their centre of inertia.

Then (Statics, Art. 111), we have

z=Tht Mt
My gt

Lot @, @ . be the corresponding distances of these
masses at the end of a small time £, and ' the corresponding
distance of their centre of inertia. Then we have

= =2+,
@ =+,

.

o =Ty ugt,

I,=m.:a:.’+m.,.-r,’+

MMyt
o (@) = ) + g (25 — ) ..,

"y
mant + mant + .

ST rmat .

But, if % be the velocity of the centre of inertia parallol
to the fixed line, we have &' = & + 1,
T —~F  myu, +ma,
T T Tmtm
Hence the velocity of the centre of inertin of a system of
particles in any given direction is equal to the sum of the
momenta of the particles in that direction, divided by the
sum of the masses of the particles.

Also

>

LE—F=

Sed=

Cor. If a system of particles be in motion in a. plane,
and their velocities and directions of motion are known,
we can, by resolving thesa velocities parallel to two fixed
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lines and applying the preceding proposition, find the
motion of their centre of inertia.

*99, Theorem. J[f the acoslerations af any wnstant
of any number of masses m,, my. , parallel to any line fixed
in space, be fi, fo,0s + 5 then the acceleration of the centre of
inertia of these masses parailel to this line 1s

) myf,+mgfut .
my + my +

The proof of this proposition is sumilar to that of the
last article. We have only to change @, w, ) w’ mto
u, S %), /Y, and make similar changes for the other
particles.

. 1. T masses my, m, are connected by a light string as 1n
ar 74 Jind the acceleration of the centre of nertia of the system.
-y

The acceleration of the mass m, 18 ¢ vertleally downwards,

and that of my is the same 1n the opposite direction.
* Here then fy= — f,_ "‘",,, so that the nccelerntion of the centre
o inent =S (m, Y.

Ex. 2, Two bodxes, of masses m and 3m, are connected by n Light
sining passing over a smooth pulley; shew that darmng the ensung
7
i
e e e G e e
& .

e
muvu 11 0pposILe direeLONS,

) 5 feet per second; (2) 13 feet per second 1n the direction
in whxch t&xe secondpfody bt mavfns e

T q - F R P P R S

motion the acceleration of their centre of inertia is

Ex, 5. Two masses move at & uniform rate along two straight
Tines which miect, and are inclined 25 & given angle; shew that their
centre of inertls describes a straight ne wath form velocity,



CHAPTER VIL

PROJECTILES.

100. Ix the previ hapters we have dered only
motion in straight lines. In the present chapter we shall
consider the motion of a particle projected into the air
with any direction and velocity. e shall suppose the
motion to be within such a moderate distance of the
earth’s surface, that the accelerstion due to gravity may
be considered to remain senstbly constant. We shall also
neglect the resistance of the air, and consider the motion
* to be in vacuo; for, firstly, the law of resistance of tho air
to the motion of & particle is not accurately known, and,
secondly, even if this law were known, the discussion
would require a much larger range of knowledge of pure
mathematics than the reader -of the present book is sup-
posed to possess.
~  Def. When a particle is projected into the air, the
angle that the direction in which it is projected makes
with the horizontal plaue through tba/poinc of projection
is called the angle of projection; the path which the
particle describes 3¢ called its trajectory}”the distance
between' the point of projection and th point where the
+ path meets any plane drawn through the point of pro-
jection isits rnngg‘{ﬂ the plane ; and the time that clapses
before it again meets the horizontal plane through the
point of projection is called the time of fight.
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our positive direction #meards]. Hence the vertical motion
is the same as that of a particle projected vertically up-
wards with velocity wsina, and moving with acceleration
-g.

The resultant motion of the particle 1s the same as that
of a particle projected with & vertical velocity u sin a 1nsidé®
a vertical tube of small bore, whilst the tube moves in a
honzontal/direction with velocity w cos e

1027 7o find the velocity and direction of motion after
@ giren time has elapsed.

Let v be the velocity, and ¢ the angle which the direc-
tion of motion at the end of time ¢ makes with the hori-
zontal

Then v cos # = horizontal veloeity at end of time ¢

=1 cos e, the constant horizontal velocity,
Also vsin § = the vertical velocity at end of time ¢
=usina—gh
Hence, by squaring and adding, y
*=u’~2ugtsina + g6,

_usina~gt

and, by division, tanf= N

wcosa
03. To find the velocity and direction of motion at a
given height.

Tet » be the magnitude, and @ the inclination to the -
horizon, of the velocity of the particle at a given height 4.
The horizontal and vertical velocities at this point are
therefore v cos # and vsiné.

Hence -

088 = cos a, the constant horizontal velocity...(I).
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Also, by Art. 32,
vsm b= Jﬁm
Squ.-mn" and adding (1) and (2), we have
Faato %h N
JuTsula -

weosa

Algo, by division, tanf=

104. 7o find the greatest height attained by a projectile,
and the time that elapses before it i5 at ils greatest height.

- Let 4 (Fig. Art. 101), bo the highest point of the path
The projectile must at 4 be moving horizentally, and hence
the vertical velocity at A must be zero,

Hence, by,.Art 32, .
0= u’sm’a—-_g A

.
J[Aw'ﬂ;‘_ﬁ, v

giving the greatest henr'ht attained.
Let T bo the time from P to A ; then 7'is the time in
which a vertical velocity 1w sin  is destroyed by gravity.
Hence, by Art. 32, O=wusina—g7

T usina \/

g’n’m" the required time,

(L “0s. To find (he range on the horizontal plane and the
time of flight,
When the projectile arrives at ' (Fig. Art. 101), Um
distance it has deseribed in a vertical ditection is zero.
Hence, if ¢ be the time of flight, we have by Art. 3" (1),
02q simat= g

L/ ;_21[8!

g

twice the time to the highest p”

.r*‘—
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During this time ¢ the horizontal velocity remains constant
and equal o © cosa.
PP <horizontal distance desenibed in time ¢

21l sin o cf P A "l
cucos, 1 2050 0css Pt ¢
g

Hence tho range is equal to twice the product of the initial
v\er}i:ﬂ and horizoutal velocities davided by g.

108. For a given velocity of projection, w, to find the
maximum horizontal range, and the corresponding direction
of projection.

If a be the angle of projection, the horizontal range, by
the previous article,

sinacosa u'sinfe
2

Also sin 2¢ 18 greatest when 2a=90° that is, when
a=45"% .

Henee the range on a horizontal plane 13 greatest when
the initial direction of projection is at an angle of 45° with
the borizontal through the point of projection.

The itude of this i hori: 1 range is
g
T

.
%siu 90°, ¢

[ 107, Zoshew that, with a given velocity of projection,
' there are for u given horizontal range ¢n general two di-

rections of projection, which are equally inclined to the

of max proy

By Art 103, the range, when the sngle bt projection

N IR P
is a, is — sin 2a
s
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¢
Also; when the angle of projection 18 g - a, the range
2 2 2
=E-Sin2(§—n.) :ialn('lr~2a)=-u—51n 2a.
g ~ g g
Hencewe have the same horizontal range for the angles
of projection « and §~ a.
These directions are equally inchined to the horizon and
the vertical resp 1y, and are therefore equally inclined

to the direction of maximum range, which bisects the angle
between tho horizontal and the vertical

108, Bx. 1. 4 bullet is projoeted, with a velocity of 610 feet per
second, at an angle of 80° with the horizontal; find (1) the greatest
height attained, (2) the range on a horuzontal piare and the tme of
JSight, and &a) the velocity and direction af moiion of the bullet when 1t
isat a height of 576 fcet.

The initial Rorszontal velocity
=640 cos 80°=640 x *@ ~890,/3 feet per sccond.
The tuital vertieal velootty =40 s13 807 =320 feck per second.
{1) Tt & be the greatost height attained, then & 1 the distance

ibrough which s particle, starting with veloelty 320 and moving with
scceleration g, goes beforo 16 comes to rest.

. .~ 0=3202-2gh3 f

(2} I ¢ bo the time of flight, the vwrﬁml distance deseribed in
bima ¢ {3 zero,

- -~ 0=320t-don
' . :=‘.’$ﬁ’=so seconds.
The horizontal mnge=the distance described in 20 xcconds by a
Paxticts moving with & constant velocity of 3203 It. per sec.
) . =20 % 320,/3 =11085 feet approzimately.
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(3) It ¢ Lo the velocity, and 0 the inclination to the horizon, at
a Lieight of 676 fect, we have
et =320% -2y 676321 x 61,
and €7 008?60 = (320,/3)7 = 397 300,
Hence, by addition, we have v=82x /361=610 5 1t per src.
Als, by disision,

tan ¢ = 46183,

73715

%0 that, from the table of natural tangents, we have §=24°47
approxtmately

Ex. 2. A ericket ball 15 thown with a velocity of 96 fuet per
second, find the greatest range on the horizontal plane, and the tiwo
directtons wn sehick the ball may be thrown s0 as to gire a rangs of
141 feet.

1t the angle of projection be a, the range, by Art 105,
2 96'.sinacosa 962 mn2a .

16_4y3
1

= A ==
The maximum range 13 obtalned when a =45, and therefore
62
=35 =298 feet=96 yards.
When the range is 144 feet, the angle a is given by
9
e B 2a=141
Hix32 144 1

. sn% =g =gy N
2a=30% or 150°

=15, or 75°
x. 3. A cannon dall s projected horizontally from the top of «
tower, 49 feet high, with a telocity of 200 fect per second.  Find
(1) the time of fught,
(2)  the dustance from the foot of the tower of the pownt at which
it Juts the ground, an
(3) its velocity when it huts the ground
1) The initial vertical veloelty of the ball 1s zero, and hence ¢,
the tuno of flight, is the time in Which a body, faling frecly under
gravity, would describe 49 feet.
19=3g. =160
& t=F second
ing this time the honzontal veloclty I3 constant, and
chex(EZemD;’I:sniqmmd distanca from the foot of the tower
=200 x =350 feet.

Hlence
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13) 'The veriical velocity at the end of F second = x 32 =56 feet
per second, and the horuontal velacity 13 200 feet per second ;

. the required velocity == /2007 + 562 =8,/674 =207 7 feet nearly.

Bx. 4. From the top of a cliff, B0 feet high, a stone 1s thrown $0
that it starts with a velocity of 128 feet per second, at an angle of 3V
with the horizon, find where 1t hts the ground at the bottom of the
chiff.

The imtial vertical velocwry is 128 sin 30° or 64, feet per second,
and ({l}xe mtial harizontal velocity is 128 cos 80°% or 843, feet per
second,

Let 7 be the time thet elapses before the stone ts the ground

Then T 1s the time 1n which a stone, projected with vertienl
velocity 64 and moving with acceleration —g, describes a distance
~B0 feet

s ~80=64T - 3pT1.

Hence T'=5 seconds

Duning this time the honzontal velocity remains unaltered, and
henca the distance of the pomt, where the stone huts the ground, from
the foot of the cliff==320,/3 =zboub 551 feet.

EXAMPLES, XVIL -~

. A particle s projectod 8t an angle a to the honzon with &
velocity of u feet per second; find the greatest height attained, the
4ume of fight, and the range on a horizontal plane, when b

W) %=200, a=sla= § .
2, Find the greatest range on a honzontal p'l:me when tbej
veloaaty of projectron 18 {1) 48, (2} 80, (3) 100 feet per second.

®/37 A chot leaves o gun at the rate of 160 metres per second;
caleulate the greatest distance to which 1t comld be projected, and the
:xlgm to which 1t would rise. -

5

/5 £, At o man can fhrow a stone 80 metres, how long is 3t in the

¢ 2z, 8rd to what height does 1t nse?

. A body Is projected with a veloaity of 80 ft. per sec. 1n &

» difeclion making an angle tan=13 with the borizon; shew that it
Tises to & vertienl hoight of 90 feet, that ats direction of motron 13
inclined to the honzon at an angle of 60° when is vertical height
above the ground 15 60 feet, and that ats time of flight is about 43 secs.
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6. A projectile 1s fired borizontally from a height of 9 fect from
S. and reaches the ground at s horizontal distance of 1000

tho groun:
feet. Find ita imtink velocity
O L N g

% 0. A ship 1s moving with a velocity of 18 feet per second, and
n body 18 sllowed to fall Zrom the top of its mast, which 1s 141 feet
high, find the veloaity and direction of motion of the body, (1) at
the end of two seconds, (2) when it huts the dech :

e e e [T

43. Find the veloaty and direction of projection of a shot which
L~ passes 1n & honizontal direction Just over the top of a wall which 1s
50 yaxds off and 75 feet hugh.
« 14, Apartcleis projected at an angle of elevation sin*1 4, and
_ts Tango, on the horizontal plane 13 4 miles; find the velooity of
projection, and the velocity at the highest point of its path.
15. Two balls are projected from the same powt in directions
/ mclinéd ut 60° and 30° to the honzontal; if they attamn the same
herght, what 13 the ratto of thewr velocities of projection?

What 18 this ratio 3f they have the same honzontal range?

16. The velocity of & particle when ab its greatest height Is /%
of 1ia velomaty when at half its greatest height; shew that the angle of
projectton 15 60° . .
Find the angle of projection when the range on a horizontal
{1) 4, (2) 43 humes the greatest height attained.

F1od the engle of projection when the range is equal to the
28:s throuch which 1hh, particle would have to f2l 1a order to

dm::;g a velocity equal fo ita veloaty of projection.

17,
plane is
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"{9. Range on an inclined plane. From a point
on @ plans, which is inclined at an angle B to the horizon,
a particle is projected with a velocity u, af an angle a with
the horizontal, wn a plane passing through the normal to
the tnclined plane and the ling of greatest slope; to find
the range on the indined plane

Let PQ be the range on the inclined plane, I'7' the

" direction of projection, and Q¥ the perpendicular on the

herizontal phne through P,

The snitral: component of the velocity perpendicular to
I'Q is uwsin (a— B), and the acceleration in this direction
is —gecosf

Lot 7' be the time which the particle takes to go from
Pto Q. Then in time 7' the space described in a direction
perpendicular to PQ s zero

Henco 0 =usin{a—B). P-4}y cos ., T% and themfure

"u sin (a ~
. IR

- T Tsg
' Dnrx,tg this time the horizontal velocity % cos a remnins
unaltered ; hence PN =wcosa. 7} so that the range
teosa 4 "u.’cosasm!n-— )
PQ‘cosB cog/f cos* B,
LD . . 5
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110. Maximum range. 2o find the direction o
projection which gives the mazimum range on the inclined
plane, and to shew that for any given range there are tux
directions of projection, which are equally inclined to the
direction for maximum range.

From the preceding articlo the range

2uicosasm (a— u?

; paid cos“(B 8 _g—cos’ﬁ{m’-";%_g)_smm (i),

Now w and 3 are given; hence the range is a Fnaximum

when sin (2a — B) is greatest, or when 2a— 8= z,:,/

In this cass e —ﬁ——-%r— a, te, the angles 7P@ and LP‘J"
are equal.

Mence The direction for maximum range bisects the angle

isecis Uie

between the vertical and the inclined plane Ve

Also the maxxmum range
o

. =ycos’ﬁ(l ‘-smﬂ)=g'(l +smpB) =

Agan, the range with an snglo of e]evahon a, 15, by (i),

the same as that with elevation e, if
sin (2a,~ B) = sin (22~ B),

e, af Ja-B=7~(2a~p),

Qe it a=3+f-a
ie, if ( I 6) ( ﬁ) —a
But = 4 +E B is the elevation which gives the greatest range.

Hence for any glve on an_inclined plane there
are two angles of projection, tlxemding-dime—
tions of projection Géing equaily inclined to that for the

meximum range on the plane.
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111, Ex. 1. From the foot of an inclined plone, whose resces Tin
25, a shot 18 projected with a velocity of 800 feet per second at an
angle of 30° with the horizontal, (1} up the plane, (2) down the plane
Fund the vangs in each cases

Let 8 be the i¢lination of the plane, so that

24

s‘mp:s’% and cosf=

5
{1) By Art 109, the range m the first case

BEU T
_p 600 ccnsPem @ -g) _oo* 2 \2 B~y 33
> cos’f e 207

3t
360000 25,3 (21~ TJ3) _ 750000
=¥~ Tegme et -7 -
rnom e o
. to the inclined plane is

cosg Hence the tume of

n Art. 109, if R, be the

Tange, we have” .ﬁ,oos B=ucos30°. T,

2 cos 30° stn (30°+ A} _ 750000

R R 30 S OV 100 (6wa+1), as ),
=15275 feet approx.

N.B. The range down an inclmed plane may also bo obtained
from the formula of Art. 109, by changing 8 1nto ~ g, so thut it is

2u7 cos asin (a+f)

= conts
Tx R, In the previous example, find the greatest range.
The angle of projection o must

1/x T
-1 §+ﬁ)=4-+%.

u.
Tho xunge powss —Cors (1 sin )
W1 e 1
=7 i%snp B2 T 7
360000 x 25 M
04 x25
ixay— =876 It approx.

=

Snmils:lyctg&gmnu-ﬂ roge down the inclined plane would be

tonnd ta bo X X ., 15675 teet.
82 [T
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Ex. 3. 4 particle 1s projected at an anqle o with the horizontal
Jrom the foot of a plare, whose tnelination to the horvzon is 8; shew
that 1 will strihe the plane at right angles, of cot =2 tan (a - §)

Let u be the veloaity of projection, so that tcos{a—~g) and
usin (a - g) are the titial velocittes respectively parallel and perpen-
dicular to the inclined plane

The accelerations in these two directions are — g sin §and - gcosfl

Then, 6s 1 Art 109, the time, T, that clapses before the particle
renches the plane agam 15 220 (%~ 8

geosg

1t the direction of motion a$ the instant when tbe particle ity

the plane be perpendicular to the plane, then the velocity at that
instant paralles to the plane must be zero

Hence ucos{a—fg)~gsmp, IT=0
ucos(a-g)_ 5 Zusm(a-p)
peng T goos@

cot g=2tan (2 - )

112, Motlon upon aninclined plane. .t prrticle
moves upon a smooth plane twhick is inclined at an angle B
to the horizon, being projected from « pornt i the plans 1with
relocrty u in « direction wnclined at an angle o to the inter-
section of the inclined plana serth a korizontal plune, to find
the motion,

Resohve the acecleration due to gravity into two com-
ponents; one, gsin G, in the
dircetion of the line of great-
estslope,and the ather,gcos 3,
perpendicular to the mclined
plane. The latter acceleration
is destroyed by the reaction
of the plane.

The particle therefore moves upon the inclined plane
with an necelerntion gsin g parallel to the lino of greatesy
slope. R
Ience the investigation of the motion i the same as
if we substituts “gsin 8 for

that in Arts. wx’_w‘,
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“g”, and instead of “vertical distances” read “distances
measured on the inclined plane parallel to tho line of
greatest slope.”

EXAMPLES. XVIIL

1. A plane is inclined at 80° to the harizon; from its foot a

rticle is projected with & veloeity of 600 fect per second in a
Snlrechon inchined at an angle of 60° 1o the horizon, find the range
on the jnchined plane and the time of flight.

2, A parbicle 13 projected with selocity ¥, at an angle of 75°
to the horizon, from the foot of a plane whose nclination 1s 30°.

Find where it will strike the plane Find also the maximum range
of the particle on the inclined plane.

3. A parucle 13 ir)m;ected with velocity 64 feet per second a$
an angle of 45° with the honzon; Sod its mnge on nF]nne nchined
ak 80° to the horizontal and its time of fiighs, Find also 1ts grentest
range on the inclined plane with the given nitial veloeity.

4. A cle i3 projected with s velocity of 1280 feet per sccond
st an angle of 45° with the horizontel; find its range on n plane
izclined to the honzon at nn angle sin~1 3, when projected (1) up,
{it) down, the plane

5. The velocity of projection of a nifla ball 1s 800 feet per second. *
Find ats greatest range and the corresponding time of flight on planes
inclined to the bonzon at angles of

@) 455, (@) 60°  (3) sinloly,  (4) sl

8. THe greatest range of a particle, projected with s certan
velocity, on & horizootal plane is 5000 yards, find iis greatest range
on an nclined plane whose inclinstion 1s 45°,

Find also the greatest range when the particle is projected down
the inelined plane.

7. The greatest range, with s given velocity of projection, on a

honzontal plane is 1000 metres; shew that the greatest ranges up and

"~ down n plane mclined at 30° to the hotizon are respectively G662 and
2000 metres,

[T O S L N N T P
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*113. A particle is projected into the air with a given
velocity and direction of projection, to shew that its path is
a parabola.

As in Art. 101, let » be the velocity and a the angle
of projection, PP’ the horizontal range, 4 the highest point
and A4/ the perpendicular on PP'. Then, by Art. 104,

uisimnta
=22t LW
Also P2f = horizontal distance described in tume 1!_517:\_(;
_u'sinacosa o
= . e O

Let ¢ be any point on the path, and let QA and QL be
the perpendiculars on AJf and PP respectively. Let ¢ be
the time from P to Q.

[ X
A
Q
u
P L m P’
Then QL = vertical distance described in time ¢
. T o=uwsinadt=dgf . . . (O
and PL=ucosa.? . ~(4).

Hence from (1) and (3),
AN =AM~ NM= AN QL

Jusinte ety =L (R Y @
= (usina.t—1gt) 2( 7 t).
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Also, from (2) and (4),

QN = mul’L—’f‘Lf—‘“ﬁ-mow.z

(usmu )
=ycosal —————1t}.
g
3 R SAN
QN":u’cos‘n(uﬂ;} —t) =ulcosta, = ;\ 0
SWeode y
g

'
Measure A4S vertically downwards and equal to Lu;s

. QN*=445. AN,

But this 18 the fundamental property of the curve
known as a parabola,

Hence Q lies on a parabola whose axis is vertical,
whose vertex is at 4, and whose latus rectum
22 cos?
=448=H %
g
Cor. I It will be noted that the lutus rectum, and
therefore the sive, of the parabola depends only on the

initial horizontal velocity and is mdependent of the initial
vertical velocity,

Car. IX. The height of the focus § above the hori-
zontal hine through P=SMed2M A4S
_ wsinta  wicodte
29
Hence, if o be less than 46°, this distance is negative and
the focus of the path is then situated below the horizontal
hine drawn through the point of projection.
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*114, To shew that the velocity at any point it equal
in magnitnde to that which would be acquired by a particle
in falling freely through the keight from the direciriz to the
point,

In the figure of Art, 113, produce MA to X, making
AX cqual to 48, and draw XX horizontal, Then XX is
the directrix.

If v be tho velocity at @, we have, Ly Art. 102,

v = (1sin a — gf)* + (w cos a)?
=ul— Qugsina.t+ PR

=-y[;i; —(usina. t-—gyﬂ)].

u¥sin"e  tPcos’a W

But MX=MA4+AX 250 100 e 1
<y =7 27
and MN =QL=usma.t-}gr"

=29 [MX~ MN]=29. NX.
Hence v 1s equal to the veloaity that would be acquired
in falling through the vertical distance from the directrix
to the point .

115. Experimental Proof fiat the path of a pro-
Jectile i3 a parabola.

Let AC bYe a curved board with a groove in it down
which a small ball will run when released, Tix it frmly
in front of a vertical Llack-board. Mark a point € on the
groove, and let the ball always start from the saue point C,
and after running down the groove to A describe a path
freely, in the zir just in front of the blackboard. -

Fix to the board a number of small paper or cardboard
hoops, so that the ball just passes through them ; the hoops
are adjusted by trial.  After letting the ball run down the
groove two or thres times the position of the first hoop is
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ascertained ; and then after similar experuvents the posi-
tions of the rest of the hoops are found.

Tho ball must always be staried very carcfully from the
same point C.

" Drawa curve AP,D,P,.. passing through the centres
of the hoops. 'This will be essily done by frechand drawing
if & good many hoops are fixed in their proper positions.

Draw vertical lines Pydfy, P, P, .. to meet in
My, 3M,,. . the horizontal line through A.

Measure off the distances Adfy, Adfs, .. sod PIL,
P, ...

Then on taking the squares of .LAf,, 43f,, 4, ... and
dividing them respectively by P, P,J,,.. we shall find
that the results obtained are very approximately the same,
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’
Hence for any point 2 on the curve we find that ‘1"‘1]‘?

. PN?
13 the same, i.e that ¥ the same

Henco PN? varies as 4.

But this is the fundamental property of the parabola.

Hence the curve is a parabola.

If we start the ball from a different point € we shall
obtain the same result, but the parabola will vary in shape
according to the position of the starting-point C.

By arranging the grooved board so that 1ts direction at
4 is not horizontal, we can in a simlar manner show that
the path with any direction and velocity of projection at- 4
is still a parabola,

EXAMPLES. XIX,

1. On the moon there scems 1o be no atmosphere, and gravity
thero is about one-sixth of that on tho earth  What apncs of eountry
would be commanded by the guns of a lunar fort able fo project shot
sth n velocity of 1600 feet per second ?

N bt 1. .

+ 3. A plane, of length 6 fect, is inclined at an angle of 30° to
the honzon, and a particle 13 projected straight up the plane with
a velocity of 16 feet per second; find tho greatest height attained
by the pirticle after Jeaving the plane, nd the runge on & honzontal
plane pagsing through the foot of the fnclined plane

4. It o stone be hurled from  sling which has been swung In
a honzental circle of 3 feet mdius, at a beight of 6 feet from the
pround, and at the steady rato of 21 Tevolutions In 2 soconds, find the
range on the groand.

5. Two guns are potnted at each other, one upwards at the angle
of elevation 80°, and the other downwards at the same angle of
deprossion, the muzzles betng 100 fect part. It the charges lesve
the gans with velocities 1100 and 900 feot per second reepectively,
find when and whers they will meet.
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« 8. A projectile, aimed at » mark which is in the horizontal
plane through the pomnt of projection, falls a ft short of 1t when
ihe elevation 1s a, and goes b ft. oo far when the elevation 1s 8.
Shew that, 1f the velocity of projection be the same in all cases, the
proper elevation 18

1 _,esn2+ban2a

T T

, A hull 1s inclined at an angle of 30° to the honizon; from

& point on tho ull one projectile 15 projected up the lull and an-
other down, both starting with the same velocity; the angle of pro-
1ection 1n each ease 18 45° with the horizon; shew that the range of
oue projectile 19 nearly 33 tlat of the other.

[ S ORTRL TR VRO [P SIS VU SO0 D R

,+ 9, From o point in & given inchined plane two bodies ere pro-
[iected with the gume velocity in the sume veiticzl plwne at right
/ angles to one another; shew that the difference of thew ranges 13
 constant.

0. The angular elevation of an enemy’s position on a hill A feet
» ugh i3 £; shew that, 1n order 1o shell i, the fmtial veloeity of the
projectile must not be less than A/gh (1 +cosec §j.

L SV YU VUG S N ) "
i Plane passing

, ' tance through

/ o 'sponding time

of ssspune

+ 12, A particle, projected with velocuty «, strikes ab right angles
o plane thiough the pomt of projection. melined At an sogle § fo
« the horizon Shew that the height Of’ the pont stmgk above the
horzontal plane through the poi:t. of projection is f";—‘ 1:‘3“; £
o
that the tume of fight is 5 orr, and that tho sunge on o
bonizontal plane through the pont of projection would be
) Wiin28 1+sinig
g 15Bmn'p

\« 13, Shew that four times the square of the number of seconds
in the fime of fight 11 the range on o horzontal plans equals the
height in feet of the ighest pount of the trajectory.
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14. If the

height of a projectile above & b
plane passing through the point of projection be k, and a be the angle
of projection, find the interval between the instants at which the
height of the projectile 15 hsina.

1 Werlo2

T 16. Two particles are projected simuttaneousty, one with veloa
¥ up & smooth plane 1nclined at o7 angle of 30° 10 the horrsos, 87
the othex with & velosity %nh an elovation of 60°, Shew that the

particles will be relatively at rest at the end of % seconds from the

mstan of projection.

¢ 17. The radii of the front and hind wheels of a carnago are

 and'b, and ¢ 1s the distance between the nxle-trees; n particle of

dust driven from the highest pont of the kind wheel 13 observed

to alght on the highest pomnt of the front wheel. Shew that the
veloeity of the carriage 18

cxboa) eta~b)

1(b-a)

g

18. Tind the charge of powder required to send a 68 Ib, shot,
with an elevation of 15°, ¢o & range of 3000 yards, given that the
veloayty communicated to the same shot by e charge of 10 Ibs. 13
1600 feet per second, and essuming that the kinetic encrgy of the
shot 15 proportional fo the magnitude of the charge.

9. A body, of mass 2 Ibs , 13 projected with & velocity of 20 feet
Ehs DS S PR < :

20. A train is travelling ab the mie of 45 miles per hour, and
a passenger throws up s, ball vertically with an initial velocity of
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21, Ina trajeetory find the tume that elapses before the particla
is at the end of the Jatus rectum.

2. A particle 13 projecied 50 ns to cnter an the direction of
its Jength a small straight tube of small Lore fixed at an angle of
45° to the honizon and to pass out at the other end of the tube,
shew that the latera rects of the paths which the particle describes
Defore enterng and leaving the tabe differ by /2 times the length
of l&l,p—tube‘

« 23, A particle 18 projected horizontally from the top of a tower,
100 feet lugh, and the focus of the parubola which 1t deseribes is
in_the houzental pline through the foot of the tower, find the

\elwﬁ( projectian.

' §424, A particle is projected with veloeity 2/aj so that it just
d ‘;T:.m two walls, of equal height a, which are at o distance 2a from
each other  Shew that tho latus rectum of the path iz 2a, and that

the time of passing between the walls 13 2 \/ ‘yl .

=95, Shew that the locus of the foct of all trajectories which pass
lhrm:g/b,two given points 13 & hyperbola.

Y 36, If £ be the time in which o projectils reaches o pormt P of
its path, and #* be the tune from P till it striles the horizontal plane
througli the point of projection, shew that the height of P above the
plane s gte'

* 97, It ateny powntof a parabolio path the velocity be w and the -
inclination to the hortzon be 6, shew that the particle is moving at

right angles to its former direction after a time ~—o ,
gené .

\

+



CHAPTER VIIL
COLLISION OI' ELASTIC BODIES.

116. Ira man allow a glass ball to drop from his
hand upon a marble floor 1t rebounds to 2 considerable *
height, almost as Ingh as lus hand; if the samo ball bo |
allowed to fall upon a wooden floor, it rebounds through
a much smaller distance

If we allow an wory hilliard ball and a glass ball to
drop from the same height, the distances through which
they rebound will be different

It uga:m we drop a leaden ball upon the same floors,
the distances through which 1t rebounds are much smaller
than in either of the former cases. -

Now the velocities of these bodies are the same on
first touching the floor; but, since they rebound through
different heights, their velocities on leaving the floor must
be different. N

The property of the bodies which causes these differ-
ences 1n their velocities after leaving the floor is called
their Elasticity. !

Tn thie present chapter we shall consider some simple
cases of the impact of elastic bodies. We can only discuss
the cases of particles in collision with particles or planes,
and of smooth homogeneous spheres in collision with
smooth planes or smooth spheres.
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117. Def. Two bodics aro said to impinge directly
when the direction of motion of each i3 along the common
normal at tho point at which they touch.

They are said to impinge obliguely when the direction
of motion of cither, or Loth, 15 not along the common
normal at the point of contact.

The direction of this common norul is ealled the line
of tmpact.

In the cass of two sphieres the common normal 14 the
lino joining their centres.

118. Netwton’s Experimental Law. Newton
found, by experiment, that, if two bodies impinge directly,
their relative velocity after impact is in a constant mtio to
their relative velocity before impact, and is in the opposite
direction. [The experiment is described in Art. 151.]

If the Lodies impinge obliquely, their relative veloaity
resolved along their common normal after impact is in a
constant ratio to their rclative velocity before impact
resolved in the same direction, and is of opposite sign.

' This tant ratio depends on the subst; of which
the bodies are made, and is independent of tho masses of
the bodies. It is generally denoted by ¢ and is called
the Modulus or Coeflicient of Flasticity, Restitution, or
Resilience.  Either of the two Iatter terms is better than
the first.

If » and o be the component velocities of two bodies
before impact along their common normal (s in the figure
of Art, 122) and v and ' the component velocities of the

bodtes in the same direction after impact, the law states
that -

u—v':—-_g (w~w) .o o eersreens (1).
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This experimental law may also be expressed in tho form

Velocity of Separation =e times the Velocity of Ap-
proach, theso two velocities being measured in the direction
of the common normal at the point of impact.

Thus in the case of Art. 122 the left-hand sphere
caught up the right-hand sphere and the veloerty of
approach was ', also after the imnpact the right-hand.
sphere must move away from the other, and the velocity of
separation is v’ — v, this second furm of enunciation of
the law therefore gives

v mv=elu—-u)
which is the same as (1)

The value of ¢ has widely different values for different
bodies ; for two glass balls e 15 94 ; for two ivory ones it is
-81, for two of cork 1t is ‘65 ; for two of cast-iron about
06, whilst for two balls of lead 1t is about -20, and for
two balls, one of lead and the other of iron, the value is 13,

Bodies for which the coefficient of restitution is zero
are said to bo “melastic”; whilst «perfectly elastic”
bodies are those for which the coefficient is unity, Pro-
bably there are no bodies in nature coming strictly under
either of these headings; les of the
former class are such bodxes ns putty or dou"h whilst
probably the nearest approach to the latter class “is in
the case of glass b'\lls. -

119, otion of two smooth Imdm perpendiculur to

the lins of tmpact.
When two smooth bodies impinge, there is no tangential
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action between them, so that tho stress between them is
entircly along their common normal, te. the line which is
perpendicular to both surfaces at their pont of contact,
Ience there is no force perpendicular to this

normal, and thercfore no change of velocity in that
direction,

Henca the component velocity of each body in a
dicular to the normal is unaltered

by the impa,ct.

120. Motion of two bodies along the line of impact.

From Art, 86 it follows that, when two bodies impinge,
the sum of their momenta along the line of impact is the
same after impact as before,

The two principles enunctated in this and the previous
article, together with Newton’s experimental law, are
sufficient to find the change i tho motion of particles
and smooth spheres produced by a collision.

‘We shall now proceed to the discussion of particular eases.

121. Impacton a fixed plane. A smooth sphere,
or particle, whose mass is m and whose coeflicient of resti-
tution is e, tmpinges obliquely on a fixed plane ; to find the
change in its motion.

Tet 4B be the fixed plane, C the point at which the
sphere impinges, and C& the normal to the plane at € so
that C.& passes through the centre, O, of tho sphere.

Let DO and OF be the directions of motion of the
centre of the sphere before and after impnet, and let’ the
angles NOD and NOF be a and ¢ Let u and v be the
velocities of the sphere beforo and after impact az indi-
cated in the figure.
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Since the plane is smoath, there is no force parallel to
the plane, hence the velocity of the sphere resolved in a
direction parallel to the plane is unaltered.

. vsinf=wusina OtV

A (4] 8
By Newton’s experimental law, the normal velocity of
separation is e times the normal velocity of approach.
Hence veosf-O=e(ucosa—0).
", veosf=encosa ., ... ~(2)

< \Exgx (1) and (2), by squaring and adding, we have
) =u o/ minTa+ & cosTa,

and, by division, cot 6 = e cot a.
These two equations give the velocity and direction of

motion after fmpact.

The impulse of the lorce of impact on the plane is equal and
opponite to the impulse of the force of impact on the sphere, and 1s
therefore m by the change of the momentam of the sphere
perpendicular to the plane.

‘Hence the impulse of the blow =mu cos a4 mveos §

=m(l+eucosa, -
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.

Cor, 1. If the impact bo direct, wo havoa =0
Y 7 S 0=0,and v = eu.
Henco The direction of motion of a sphere, which im-

pinges directly on a smooth plane, is reversed and s velocity
reduced in the vatio 1 : e

Cor, 2. If the coeflictent of restitution be umty, wo
have f=a, and v=1u,

‘Hence When the plans is pevfectly elastic the angle of
reflexion is equal to that of incidence, and the velocity is
unaltered in magnitude

Cor, 8. If the coeflicient of restitution be zero, we
bave §=90%, and v=usina.

Hence A sphere after impact with an inelastic plane
slides along the plane with its velocity parallel tv the plane
unaltered.

Ex. A ball, moving with a velocty of 10 feet per second, impinges
on a smooth fired plane at an angle of 45°; if the coefficrent of tes.
titution be -‘,, JSind the velocity and direction of motion of the ball after
the impact,

1, Lt ata Yelocuty atter the impact be v at an angle # wurh tho fised
plane,

Its component velooities along and perpendicular to the plane,
beforo impact, aro each 10X 5, § e 5y2. Alter impoot its com-
panent velocities in the same two divections are v cos 6 and vein 6.

Hetice w0 have 0008 052,
vamo=c.by2=142
Therefore, by squanng and sdding,
. b $?=82, 50 that v=/82=0 06
Also, by divieion, tan 6=%, so that, by the table of nataral
tangents, §=88°40’ nearly. Hence, after the impact, the ball moves
;«?ﬂ:e.m velocuty of 9 06 1. per sec at an angle of 38°40° with the
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< EXAMPLES. XX. . _. ..

1'% A glass marble drops from a height of 9 feet upon a horizontal
floor; 1f the coeflicient of restitution be -9, find the height to which it
Tises after tho tmpact,

. An 1vory ball 13 dropped from a height of 25 feet upon n
horizontal elab, 1f tt rebound to & hesght of 16 foet, shew that the
copllicient of restipution betsveen th¥ slab and the ball 18 -8

A Tieavy elastio ball drops from the ceiling of a roou, and
er rebounding twice from the floor reaches a height equal to one
half that of the cailing; shew that the coeflicient of restitution
1 43 “.
Ay
“ 4, From a pomt 1n one wall of a room a ball 15 projected along
the smoath floor to It the opposite wall and returns to the point
from which 1t started ; 1f the coeflicient of restitution be 4, shew that
thé ball takes twice a3 long 10 returming as 1t took 1n going .
5. From a pownt 1n the floor of a room s ball fs projected
vertically with velocity 32,/3 feet per second; if the height of the
room be 16 feet, and the coefficients of restitution between the ball
and the celing and the bail and the foor bo ench 3, shew that the
ball, after rebounding from the ceiling and the floor, will again jusé
reach the height of the ceiling
»
» 6. Abull moving with o velocity of 8 5. per sec, impinges at an
angle of 30° on & smooth plane; find 1ts velocity and diwection of
motion after the fmpact, the coefficient of restitution being }i

7. A sphere moving with n velocity of 5 ft. per sec. bits ngsinst
& smooth plane, its ditection of motion being inchined at an angle
sin=13 (=36°52) to the plane; shew that after impact its velocity 19
2,/5 (=4°47) ft. per sec. nt an angle tan~1} (=26°3¢) with the plane,
1f the coefficient of restitution be 3.

8. A ball falls from a height of 16 feet upon a plane inclined aé
&x) 80°, (2) 45° and (3) 60°, to the bonzon; find the veloaity and

irection of motion after the impact in the three cases, the coefhcient
of zestitution being §. )

122. Direct Impact of two spheres. A smooth
sphere, of mass m, impinges directly with velocity w on
another amooth sphere, of mass m, moving in the same
direction with velocity «'. If the coefficient of vestitution

be & to find their velocities aftrr the impact.
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Let v and «f bo tho veloaties of the two spheres after
impact.
., The velocity of approach is u—+, and the velocity of
separation is «’ ~ v, 50 that by Newton's experimental law
we have
' Yev=e(n—u) (1)

" Again, the only force acting on the Lodies during the
impact is the blow along the line of centres, Hence, by
Art. 120, the total in that direction is unal d.

Somy 'y mmu s m o e (2)

Multiplying (1) by ', and subtracting from (2), we
have ,

(1) v=(m - em Y+ m’ (1 + ) w'
" Again multiplying (1) by m, and adding to (2), we have
(mam)v' =m(1+e)u+(m —~em)u' .
These two equations give tho velocities after impact.
q g

If the second aphere be maving in o direction opposite
te that of the first, we must change the sign of '
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Also the mmpulse of the blow on the ball m
=the change produced in its momentum
=m{u- v).-m—+m,(l o) (u—w).

e arapulas of tho blow on the other ball is equal and opposite
to

Cor. If weput m=m'and e= 1, we have
=, and ¥ = u

Hence If two equal perfectly elastic balls impinge
directly they interchange their velocities

1238. Ex. 1. 4 ball, of mass 8 ls. and mouing twuth velocity
4 feet per second, overtakes a ball, of mass 10 Ibs. movang seith velocity
2 feet per second tn the same direction; 1f ¢ be %, find the velocaties of
the Lalls after tmpact.

Let v and v’ be the required velocities,

Since the total momentur is unaltered,

80+ 100" =8x4+10x2=52
By Newton’s Law,
v —o=3(1-2)=1,

Hence, by solving, v=2}, and +* =3}, feet per second

x.2. If in the previous question, the second ball be moving in &
direction oppostie to the first, find the velocities.

Here the equations are

and =3,
since t” = v is the velocity of separation and 442 1s the velocity of
approach.
Henee, on solving, 2 feet per sceond, so that each
ball tums back after the impact the velocities are veckoned
positively in the direction wh:ch xhqﬁm 1ras going Lefore impact.

_—landv’_
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Again, the only foico acting on the spheres during the
impact is the blow along the line of centres. Ilencoe
(Art 120) the total momentum in that direction is un-
altered

" mvcos 8+ m'v cos = mucosa+mu cos B.. (4).

The equations (1), (2), (3) and (4) determine the un-
known quantities v, o/, ¢ and .

Multiply (3) by m', subtract from (4), and we obtein
(m—em)ucosn+m(l+e)u cosﬁ )

m+ 'll

veosf=

So multiplying (3) by m, and adding to (4), we got
m(l+e)ncosa+ (m' —em)u cosf ()
mtm s
From (1) and (3) by squaring and adding we obtain %,
and by division we have tan 6.
Sumlarly from (2) and (6) we obtain v* and tan ¢.
Hence the motion is completely determined,
The impulse of the blow on the firs ball = the changs produced in
its momentum=m (4 cos & — v ¢0s )
'
mm
The impulse of the blow on the other ball is equal and opposite
to this.

Ycosp=

=

(1+¢) (v cosa—1 cos g), on reduction.

Cor. 1. If «'=0, we have from equation (2) $=20,
and hence the sphere m’ moves along the lines of centres.
This follows independently, since the only forcs on ' is
nlong the line of centres.

Cor. 2. If me=n', and €= 1, wo have

veosf=t'cosf, and v condmucosa,

Heneo If two equal perfectly elastic spheres impinge they
interchanye their welocities in the direction of tha line of
cenlres.
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125, Bx. x. A ball, of mass 5 s and morr g with velocity
13 fi, per sec., impinges on a ball, of muass 10 Ibs, awd movang with
velocity 5 Jt. per sec.; of ther velocsties bejore tmpact be parallel and
inclined at an angle of 30° to the line joung thetr centres at the
instant of impact, find the resulting motion, the coeficient of restitution
being 3.+
et the velocities after impact be v and v at angles ¢ and & to the
line joining the centres
£ Since the velocihes perpendicular to the lne of centres are
unaltered, we have

vsin@=15sm30°=1% 1),
nod vang=5mn30"=§ ).

.+ By Newton’s Law,

¥'cosp—~veos f=4 [15 cos .ﬁxo"_s'm:mq:s%i @)

Swce the momentnm along the line of impact 1s unaltered,

' - Breos 0410 eos p=5 16%5 4 10 5*@

2

vcoso+2v'cos¢=25~—g§ .

Solving (3) and (4), we have
veos f=5 *-/,li’ )
and ¥ cos p=5,/3 (©)

5 Tram (1 and (5), we have v=6,3=6G6 ft. per sec newtly, and

From (2) and (6), wo have v'=§./T3=9 ft. per see. nearly, and
"=f1/§ =92, 0 that, by the table of natural tangents, #=16°6"

¥x. 2. Two smooth balls, one of mass double that of the other, are
moring with equal velocities in opposite parallel directions and wmpinge,
their directions of motwm at the instant of ympact making anales of 80°
teeth the line of centres. If the cocficient of vestitution be 3, find the

. veloctien and directions of motion after the tmpact

* . Let the masses of the balls be 2 nnd m and Jet the velocities after
pact ba v and v’ respectively at angles ¢ and ¢ to the line of centres

~ Bmeo tho velocities perpendicular to the lne of centres are

unaltered,
L vsing=usm30°=} . L. . (),

and Veing=usndC=F . . . . (2
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The normal veloaity of approsch is % cos 80°+ucos 30°, nnd the
normal velocity of separation is v’cos ¢~ v cog 6, so that by Newton's
Law, wo have

o cos ¢ —vcosd=e [u cos 36°+ucas 3o=]=u“§ o (3

Bince the momentum resolved parallel to the line of centres
remans unaltered,

270 €05 8-+’ €03 ¢ =2mu c0s 30° — mau cos 30°,

20000+ 0" 003 g ut2 )

Soleing (3) and (1), we have vcos@=0 and o cos g=utls,
From theso cquations and (1) and {2), we obtaln
8=90°, v:;; $e230°, t=u,

ence after fmpact the Jarger ball starts off In a directlon perpen-
lcular to the Jine of centres with half its former velocity, and the
smaller bll moyes as if it wers & perfeetly elastio ball impinglog on &
fixed plane,

| i EXAMPLES. XXL

1. A sphere, of mass 4 Ibs, and moving with veloclty 5 8. pet
scc., overtakes A sphere of masss 3 Jba, and moring with vdloeity
4 1. parsec.; if the impact bo dircet and the rocfucrent of restitution
be &, £ind the velocities of the spheres altes lmpact,
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2. A ball, of mass 10 1bs, and moving with velocity 6 ft. per see ,

, overtakes n sphere, of mass 8 Ibs. and moving with veloaity 3 £t per

8c0.; it the 1mpact be direct and the coeflicrent of restitution be 4,
find the velocities of the spheres afier impact.

3. A sphere, moving with velocity 12 ft per sec., meets an equal
sphere moving 1n the same Line with & velocity of 61t per sec in
the opposite direction , 1f the coefficient of restitution be %, find their
velocities after the impact.

. 4 I a ball overtake a ball of twice its own mass moving with
one-geventh of its velocity, and if the coefficient of restitution between
them be %. shew that the first ball will, after stnking the second balt,
Yemain uf rest,

5 1! the masses of two balls be as 2:1, and their respective
velocities before 1mpact be as 1+ 2 and m opposite directions, and ¢
bo £, shew that ench ball will after direct impact move back with $ths
of 1ts oniginal veloeity.

4.¥1 .6, A sphere impinges directly on an equal sphero ai rest; if the
* poetliclent of restitution be ¢, shew that their velocihies after the im-
pact are as l1-e*1+e.

7. Aball, of mass m and moving with veloaity u, impinges on &
Dall, 'of mass em and moving with veloity e 1n the opposite divection ;
af the impnet be direct and ¢ be the coeflicient of restitntion, shew
that tha velocity of the second ball after impact is the sume as tha of ~
the first ball before impuct.

. Aball, of mass 2 Ibs., impinges directly on a ball, of mass 11 ,
which is at rest; find the coeficient of restitution it the velocity with
which the larger ball impinges be equal to the velocity of the smaller

. ballafter impact.

9, A ball of mass m impinges durcetly upon a ball of mass my at
Test; the velocity of m after impact i 3ths of its velocity before impact
and the coeflicient of restitution is §; compare (i) the masses of the
t50 balls, and (1) the velocitics of m and my after impact.

\10,  Threo spheres, whosa masses are 2 lbs., 6 Ibs., and 12 Ibs.,

espectively, and whoss velocities are 12, 4, snd 2 feet per second

Tespectively, are moving m & straight line in the nbove order. It
the coefficient of restitution be amity, shew that the first two spheres
Wll be brought to Test by tho collisions which will take place,

&4\911. A ball fa Jet foll from n beight of 61 feet, and at the same

\ instant an equal ball 18 projected from the ground with a veloaty
1123 feet per second to meet 1t in direct impact 2 if the coeficient of
restitation be 4, find the times that elapse after the impact before
the balls reach the ground.

.
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lins of centrex,

17, A splirre, of maw Bm and maving with yeloclty 13u, implnges
on A sphere, of mass 1m and moviog with velocity B, thelr directions
of antlon belng inclined at angles of sin=3y% and sin=13 respectively
ta the line of eentren; it tho coeflicient of restitution ba §, find thelr
velocities snd directions of motion after the impact, =

126. Action between two elastic bodles during
their collision. When two elastic bodies impinge, the
timo during which the impact lasts may be divided into
two parts, during the fint of which tho bodics are com-
pressing ono another, and during the second of which they
are recovering their shape,

That tho bodies aro compressed may be shewn oxperi-
mentally by dropping a billiard ball upon a floor whick has
been corered with fino coloured powder. At the spot
where the ball Lits the floor, the powder will be found to
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Consider the case of ono sphere impinging directly on
another, as 1n Art. 122, and use the same notation.

Let U be the common velocity of the bodies at the
mstant when the compression is finished. Then

m (u—~ U) is the loss of momentum by the first ball,
and m' (U — ') is the gain by the second ball.
Hence, if I be the mmpulse of the force of compress‘ion, we
have I=m-U)=m'(U-u),

I

I
ot s=u—-U+ 0w =u—-1.
m n

(1)

Again, the loss of momentum by the first ball during
the period of restitution is m (&~ v), and the gain by the
second ball is m/ (v — U)

Hence, if 1’ be the impulse of the force of restitution,
P=m(U—v)=m/ (- 1),
- ;f; + 5,: Uev+v' = U=v~v. (2
I v-w
Hence, from (1) and (2), I=aw
ie Impulse of the force of restitution

Impulse of the force of compression R

_ Normal velocity of separation

~ Normal velocity of approach
Sl =el, - .

28. Loss of Kinetic Energy by Impact.
Two Spheres of given masses moving with given velocities
impings ; (o shew that there is a loss of Linetic energy am‘l
to find the amotnt.
1. Let the collision be direct-and the notation as in
Art. 122, -
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Then we have
m + m'y’ = mu +m'’ aeaee (1),
vep=elu—w) . .. A2).
To the square of (1) add the square of (2) multiplied by
‘mm' ; we then have
(m? + ) o + (& ) o = (mu + ww)? et (u -
ie. (m + m) (mo? + m'?)
=(mu +m'u' P+ mm’ (u—w)— (I —ef)mm' (-1
=(m + ') (mut+ m'u?) — (1 — &) mm’ (w~u')h

1-¢ mm’
2

S dmet e dmfe T dmat + i~ e (w—wy

Hence the kinetic energy after impact

—& ma

s . 1
=kinetic energy before impact ——;

Eyeaasd

Hence the loss of kinetic energy is
1—e mm'

2 m+m

[CR)
and this loss does not vanish unless e =1, that is, unless

the balls are perfectly elastic

II. TLet the collision ba ablique and the notation as in
Art, 124,

Asin I, we have

Tmu?cos® 0 + /v ot == Jmu? cos? a + $m'u? cos? B

1—e® mm'

PR [ €08 a — ' cos BY ...(3).

'
Also, since vsinf=uwsine, and v'sing=u'sing, we
have .

Jmo?5in® 6 4+ Jm/v sint b = Jmut sinta

+imutsin? g,

.
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Adding (3) and (4), we have
The kinetic energy after impact = kinetio energy before
1-¢* mm’ T
m+ m
Hence we see that in any impact, unless the coefficient
of restitution be unity, some kinetic energy is lost, on
rather, is transformed
Thts uussing kinetic energy 1s converted into molocular
energy and chiefly reappears in the shape of heat.
Cor. Buppose, as m the case of & nuil hit by a hammer, that the
object struck was st rest
In this esse w'=0 and e=0 Hence, by the result of I, the
enegy lost, or transformed,
_pm(l-e)
T Tmiw
Mechanical energy lost by the blow
** Mechumical energy before the blow
o {lee) , y g .
FE T T TAS

This latter expression is made smaller i tho ratio of 1 to ' be
mode bigger, € ¢, the bigger the mass of tho bammer compared with
that of the nail, the smaller 13 the losa of mechanical energy ab the
nupact.

339, Tx. 1. A particle falls from e height h upon a fived Jori-
somtal plane, if ¢ be the cocficient of vestitution, thew that the wholt
dstance described by the particle before ie hus findehed retounding

T

;s (w cos & — 2 cos B,

mmpact -

.

=1
=3

‘

1HE b and that the time that elapses is
* Let u bo the velocity of the partclo when it first huta the plane, 50
that u?= 2k,

Dy Art. 121, Cor, 1, the particle rebounds with veloity .

The velocity when it rgun hits tho plane is ex, and the velockty
after tho second rebound is e,

Sumilarly the velocity after the third, fourth, ... rebounds is £

Thie height to which the particls asoends after the first, second, «

o (e :
rebounds are f.z';-’. i’-{;—)’, !5;;—’ e €€y 5, Ry Hhpns
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Henco the wholo space described
=h+2{h+eh+ S+ adinf)
=h42h I‘:?,
by ing the infinite b
1+e

:le~

]

Th
4

The times of nscending nfter the impacts are the times in which
the vclocities cu, e, ¢™i,  are destroyed by gravity.

Ty M 2h 2h
Henoa thes timenare &, 9, &0y ST g fI
cneo e mea e g0 7 ' 7 A7 7

Henes the whole time duning whick the particle 1 In motion

o0 /EX N
= —+2. fetrelie d iy
TreaFerasar

T, [Flee
/7 et 5

In theory therefore we hase an nfintte number of rebounds taking
plnce in a finite tune; in prictlce aiter & foxe rebonnds the velocity of
the Lall becomes destroy

Bincs the height 1o which the particle rebounds after the first
ampact iy ek, ¢ &, &3 times the height from which 1t fell,

. beight of rebound
™ beight of failing "

Tlence the value of ¢ for & given ball and n given floor may bo
easily found by expernment  For, if the ball be let fall from s given
suitable herght, 1t will be easi to find the beight of rehound after a
few tnals, and then we easily hava 3,

Also tbe time of falhng orimnally = A /

T B Trom 5 maint In n amand? Bouto

o, . . .

d
PR
g T-¢
+  Thenitial vertical velocty is w sing
The initial vertical velocities after the first, gecond,.., rebounds
are, a3 1n the last example, eusina, usina, Susinag,.. .
Hence the time bebween the firsy and sceond rebounds Is, na in

Ast, 105, 2’15;"_",

1. D - [ -
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So the times in the other rajectories are 34588 jeusing |

Hence the total time that elapses before the particle ceases to
tebound

Qusing  2eusing | 2e'usina
=T I L2 adanf
g g g -

Qu sin 2u sl
L L ]=wil_‘_

Duning this time the honzontal velocity, being unaltered by the
jmpacts, 13 always u cos a
Hence the horizontal distance described
_sne 1 coga=liginZe
I-¢ Sl e
. After the particle bas ceased to rebound, 1t moves along the plane
with constant velocity u cosa

EXAMPLES. XXIL

1. An elastio particle 18 projected o that 1t huts n vertical wall
and returns after 1mpact to the pomnt from which it was projected,
without hitting the ground, 1f the angle of projection be a, and the
direction of the path of the particle wuen it again reaches the point
of projection make an angle 8 with the honzontal, shew it
tana=e¢tan 8, where ¢ 15 the coeflicient of restitution,

* U Shew that an elastic sphere et fall from s height of 16 foet
sbove o fized Lorizontal table will come ¢o rest in § seconds, alter
describung 65 feet, pupposing the of restitntion fo be § -

+ 5% A ball falls from o height of 48 feet upon an elastle horlzontal
plane; af the cocflicient of elasticity be &, Snd tha total spaca descrbed
Ly the sphere beforo it finally comes to rest, and tho time that elapses

4, A particls is projected from a point In a horizontal plane with
n velocity of 64 fect per second at an angle of 80° with the horlzon;
if the coefficient of Testitution be 7, Gnd the distance desenbed by it
horizontally before it cesses to rebound, and the time that elapses.

5. Atall falls vertioally for 2 seconds and hits & plane nclined

1t 307 to the horizan; it the coeflicient of restitution bo §, shew thad
the time that elapucs belors i agaln kit the plans }s B scconds,
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g orem e ‘s .- -

.. . . e .
Becor ' ot - -

Dalls and wall, be each §, shew that they will impinge a sccond time
at the end of 2 4 seconds, the radii of the balls being of inconsiderable
magutude.

8,» Two equal marbles, 4 and B, lie in a smooth horizontal
eircular groove at opposite ends of a diameter; A is projected along
the groove and at the end of time ¢ impinges on B; shew that o
second impack will occur at the end of time “‘7‘

9, Two marbles, of equal diameter but of masses 10m and 11m,
are projecicd from the same point with veloaities, equal 1n magnitude
but opposita in direction, nf:ng a ciralar groove; where will the
sceond iropact take place if the coefficient of restitution be §?

10, A sphero, of mass m, 1mpinges obliquely on a sphere, of
mass M, which ig at rest  Shew that, if m=e)l, the directions of
motion of 1ho spheres alter xmpact nre at right angles.

11. A sphere impinges on a sphere of equal mass which is at
rest; if the directions of motion aiter impact be inclined at angles
of 30% to the origmal direction of motion of the implngivg sphere,
shew that the coefficlent of restitution is %.

19, A ball immmres on anethar samel helt oo

through an sngle tan~1 1—%’—‘ .
13 Two enunl smooth elastinerbarn mmmmmsm —neeio o 0

awuuoll Wil ve turned through a right angle.

» 14. Two equal balls are in contact on a table; & third equal ball
stikes them simultancously and remains et rest after the mpact,
shew that the coefficient of restitution i 3.

* 15 The masses of five balls at rest in n struight line form a
geometrical progression whose ratio 1s 2, and their coefticients of
restitution are each $. If the frst ball be started towands the second
ym(hl veloaity w, shew that the velocity commumented to the ffth
is (3)'u. ‘
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16. A lall of given elasticity slides from rest down a smobdth
inclined plane, of length 2, which is inclined at an angle a to the
horizon, and 1mpinges on a fixed smooth horizontal plane at the foot
of the former, find 1ts range on the honzantal plane. ‘

17. A heavy clastie ball falls from w helght of # feet and meets s
plane inclined at an angle of 60° to the horizon; find the distance
between the first two pownts at which 1 strikes the plane

18. An inelastic ball, of small radins, sliding along & smooth

19, A particle is projected along a smooth horizontal plsoe from
 gven point A 1n 1t, so that after 1mpinging on an imperfectly elastic
vertical plane 1t may pass through another given pomt B of the
horizontal plane; give & geometrical constrnction for the direction of
projection.

20, A smooth circular table 15 surrounded by a smooth rim who<e
witenor surface 18 vertical  Shew that a ball, whase coeffictent of
restitution 1s e, projected along the table from & point in the nmna

direction making an angle tan~t A /< with the radiws through
Trevs

the point, Will retarn 10 the point of projection after two impacts
on the rnim. Prove ulso that when the ball returns to the point of
projection its velocity 1 to its ongmal velocity as e3:1.

1t the angle that its direction of mojection makes with the radivs
bo tan~e3, shew that 1t will return to the pomt of projection alter
three 1¢bounds .

21, Trwo elastic particles ars projected simultaneously from &
pomt 1n a smooth horizontal plane; shew that their centre of gravity
nall doscribe 8 pumber of ares of the same parabola in different

positions.



CHAPTER IX.
THE HODOGRAPH AND NORMAL ACCELERATIONS.

130. Ix the following chapter we shall consider the
motion of a particle which moves in a curve. It will be
convenient, as s preliminary, to explain how the velocity,
drrection of motion, and acceleration of a particle moving
in any manner may be mapped out by means of another
curve,

131. Hodograph. Def. If a particle be moting
in any path whatever, and if from any point O, fired in
space, we draw a straight line 0Q parallel and proportional
to the velocity at any point P of the path, the curve traced out
by the end Q of this straight line is called the hodograph of
the path of the particle.

{The word Hodograph is derived from two Greek words
30 (pronounced Hodos) mesening ‘““a path,” and ypddear
(p d Graphein) ing “to write.”]

It is so called because it represents graphically to the
eye the velocity and acceleration of the moving point.

132, Theorem. J[f the hodograph of the path of a
moving point P be drawn, then the velocity of the corve-
sponling point Q in the hodograph represents, in magni
and direction, the acceleration of the moving point P *
path. -
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Let P and P’ be two points on the path close to one
another; draw 0Q and 0@ parallel to the tangents at P
and 2’ and proportional to the velocities there, so that ¢
and @ are two points on the hodograph very close to one
another

‘Whilst the particle has moved from P to P its velocity
has changed from 0@ to 0@, and therefore, as in Art 27,
the change of velocity is represented by Q@'

Now let P’ be taken indefinitely close to P, 50 that
Q becomes an indefinitely small portion of the are of the
hodograph.

If v be the timo of describing the arc PP, then, by

lerati hange of velocity in time T
Art. 28, the of P=Chanze T y

= ggzvclocity of @ in the hodograph.
Hence the velocity of Q in the hodograph reprewnts
in maguitude and dircction, the acceleration of P in the

path.

t doatl e 8
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length, and therefore Q alwnys lies on a eircle whose centre is O.
Also, stuce the point P describes 1ts eircle uniformly, the tangent at
P turns through equal angles in equsl times, and therefore the line
0@ turns through equsl angles in equal fumes,

2, The hodegraph of a peint deseribing a straight line with con-
stant aeceleration 18 a straight hnte, which the corresponding pownt
desersbes with constant velocity  For, in this case, the line OQ is
always drawn in a fixed direction and the velocity of Q, bemng equal
in magmitude to the constant accelerntion of P, 1 also constant

Normal Acceleration.

134, Woe have learnt from the First Law of Motion
that every particle, once in motion and acted on by no
forces, continues to move in a straight line with uniform
velocity, Hence it will not describe a curved hne unless
acted upon by some external force. If it describe a curve
with uniform speed, there can be no force in the direction
of the tangent to its path, or otherwise 1ts speed would be
altered, and so the only force acting on it is normal (that
is, perpendicular) to 1ts path. If its speed be not constant,
there must in addition be a tangential force.

In the following articles we shall investigate the simple
case of the normal acceleration of a particle moving in a
circle with constant speed.

135. Theorem. If o particle deseribe a circle of
radius r with uniform speed v, to shew that its acceleration

. .
is — durected toward the centre of the circle.

Let P and P’ be two consecutive positions of themoving
particle and @ and ¢’ the corresponding points on the hodo-
graph. Since the speed of P is constant, the line 0'Q
is of constant length, and therefore the point @ moves
on & circle whose radius is v; also the angle QO'Q’ is equal
to the angle between the tangents at P and 2’ and there-
fore is equal to the angle POP", *
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Hence the arc Q@' . tho arc PP’ 0'Q; OF 1:v: v,
Also the velocities of @ and P are proportional to the
arcs QQ" and PP.

Hence the yelocity of @ in the hodograph 1v:iver,
.
*. velocity of Q:'.’; .
But the point Q is moving in a direction perpendicular
to 0°Q and thercfore parallel to PO; alsa the neceleration
of the point 2 is equal to the velocity of Q (Art. 132).

]
Menco the acceleration of P is ‘; in the direction 1'0.

It the speed v bo not constant but variallo it ¢an L shewn

(Elementary Dynamics, At 137) that the normal necelzmation b
1

s %,
[

Cor. 1. If » o the angular selocty of the particle
.nbout the centre 0, wo have v s, and tl o normal accelr
ration is therefore w'r,

Cor, 2. Tho forco required to produce the nonual

P of : .
ecccleration is ) wheto m i3 tho mass of the parzicle
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126. Tthout the use of the hodograph, s proof of the very
irmporiunt {licorem of the last article can be given as follows,

Tict P be o point on the circle very close to P, me the tangent
P'Tat P to meet the tangent, Pr, at Pan T,

Jon P and I” to the centre, O, of the eircle.

fince the angles at P and I” are nght angles, a curele will go
through the pomts 0, A, T end P, and hence £ P'Tz

=supplement of *TP=POP'=¢.

Tt v be the speed in the circle, and let 7 be the time of describing
the aze P,

lIn time r a velocity parallel to PO has been generated equal to
velng.

Tlenco the scceleration in the diwection PO_.l gno

therefore 8, is taken very small}

(when 7, and

FAME 7Y

Bat, since v is the spead in tho clrcle, therefore

are PP
T

=t
»
Hence the required acceleration = 7

As In Art. 135, Cor 1, thiy nccelcm!ian is equal to ro*, where o is
the angular velocity,

Also the force towards tbe eentre must be m—' .
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137, The force spoken of in the preceding articles,
which is required to cause the normal acceleration of s
body, may be, produced in many ways.

Tor example, the body may be tethered by a string;
extensible or inextensible, to a fixed point.

Again, the force may be caused by tho pressure of a
material curve by means of which the body is constrained
to move in a curve; for example, n train may be made to
deseribe the curved portion of a railway line by means of
the pressure of the rails on the flanges of its wheels.

The force may also be of the nature of an nttrnctj&n
such as extsts between the sun and earth, and which com-
pels the earth to describe a curve about the sun

138, When a man whirls in 2 circle o mass tred to
one end of a string, the other end of which is in his hand,
the tension of the string exerts the necessary force on the
body to give it the required normal acceleration. But, by
the third law of motion, tho string exerts upon the man’s
hand o force equal and opposite to that which it exerts
upon the particle, these two forces form the action and
reaction of which Newton speaks. It appears to the man
that the mass is trying to get away from his hand. For
this reason a foree, equal and opposite to the force neces-
sary to give the particle its normal acceleration, is often
called *its centrifugal force,” le centrenvoiding force.
This may however be a isleading term; it
seems to imply that the force belongs to the mass instead
of being an external force acting on tho mass, It also
appears to imply that the particle wants to get away from
the centre of the curve and is prevented from doing 80;
this i clearly not so; the particle would, if it were not
prevented, move along the tm‘lgent to tho curve, i.. along
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the line Pz of the figure of Art 136, it has no wish, or
tendency, to move in the direction OP.

A hat less mislead term ig ¢ ipetal force,”
i.e. centreseeking force.

‘We shall avoid the use of either expression; the student
who meets with them in the course of his reading will
understand that the second of them means “the force
which must act on the mass to give 1t the acceleration
normal to the curve in which it moves,” and thab the first
means a force equal and opposite to this,

This latter force (the socalled centrifugal force) is the
force which acts on the body which causes the particle to
describe its curved path, eg. it is the force acting on the
rails in the case of a railway train going round a curve,
or on the man's hand in the case cited above.

138, Ex. 1. A particle, of mase 3 1bs , moves on a snooth table
with a velocity of 4 feet per second, bang attached to a fixed point on
the table by a string of length 5 feet; find the tension of the string.

Here v=4, and r=5.

Therefore, by Art, 135, ﬂx;z acceleration toward the fixed point is

Y 16

5 b e
Henca the tension of the striog
16 _48 _ 448 . 3
=3x F=F youndals=wt. of §xas b T ot & pound,

T D fentTe AT simgpes emnieg am = Ranteament 4ably u iy

- . - . . . e
- Lt e, Lo .
yarticle can make without breaking the string.

Let n bo the required number of revolutions, ko that the velocity
of the mass 13 n, 2x!,

Therefore the tension of the nring=m."’;"“ poundale
Tlence My=dmantl, o that nes s (27)2,
U A\ml

If the number of revolutlons wera greater than this number, the
tension of the string would be greater than the string conld exert, and
iy would break.
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EXAMPLES. XXII )

1. A string 15 3 feet long, and has one end attached to a fired
point on 2 smooth horizental table; if & mass of § Ibs. tied at the
other end of the stnng describe uniformly & horizontal eirclo with
speed 6 feot per second, find the tension of the string.

A b ae . - EERRFPEIN

) )

a .
he .

P

P . . .

3. A string, & feet long, can just sustain & weight of 20bs.; if
the revolving mnss be & lbs., determine the greatest nmumber o
completo revolutions that can be made in ons minate by the string
without its breaking.

4. A string, 2% feet Jong, has & mass of one pound attached o
one end and the other end is attached to o fixed point; if tha mass be
whitled round 1n a honzontal circle, whose eentre s tho fixed polat,
and if the resulting tension of the string ba equal to the weight of
5 ‘ponnds. shesw that the string is making about 76 revolutions per
rinute,

B ML keeator a8 g ks man and af oL 1o £3ad and o the

] L v
P oo - L
g tear eebtes ey o8 e YAnnq nnea == curve, Of
W ' .ot « vhas foree
o cn 4 ege . wthe mils

8. I, in the presious question, the maas of the engine be 12 tons,
ita veloeity 60 miles per bour, and the radius of the curve 400 yards,
what Is the requred forco?
140. The Conleal Pendulum. If a particlo be
tied by a string to o fixed point O, and move so that it
describes a circle in a horizontal plane, the atring desenbing
a cone whose ax1a is the vertical line through O, then the
string and particle together aro ealled a conical pendulum,
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“When the motion is uniform, the rclations Letween the
velocity of the particle and the length and inclination
of the string are casily found.

o

T

. Tnzg

Let P Lo the particle tied by a string OF, of Jength [,
to a fixed poiut G, Draw P4 perpendicular to the vertical
through 0. Then P describes n horizontal circle with A7
as centro [dotted in the figure]l

Let T be the tension of the string, a its inclination tu
the vertical, and v tho velocity of the particle,

Dy Art. 135, tho neceleration of P in the direction 22V

i1 j-l:\—,, and henco the foree in that direction inust b
bl
M
Now the only forces acting on the particle are the

tension, 7, of tho string and the weight, myg, of the
particle.

Sinco the particle has no mcceleration in n vertieal
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directton, the forces ucting upon it 1 that direction mwust
balance, and hence we have
(1)

Also 7'sin a 15 the only force in the direction P, and

Teosasmg. . coieeen vr ons

. mv
hence Tsina= ~— s e e s(2)
N isina

v g ’
{sinfa  cosa’

From (1) and (2), we harve

If the particle make % revolutions per second, then

v=n.2xPN=2znlsma.

C 4 g . .
. dotnl = Pl that is, cosa=47gn,l L (3)
Hence, by (1), 7'= 4ma*n poundals. ....... ()

Hence the tension of the string : weight of the particle
trdmindl g,
The equations (3) and (4) give « and 7%
The time of revolution of the particle .
=21rl:inn:2”\/l-e%‘s-a=2?\/%ﬂi .
and therefore varies as the square root of the depth of the

particle helow the fixed point.

141, Governors of steam engines. It is generally desirable
that engines of the stationary kind should run st & constant specd.
Their speed is therefore usually controlled by a Governor; this
generally consists of two heavy revolving balls which are attached
2t the ends of Light Tods, the other ends of which are connected with
o vertical shaft driven by the eogtne.

A simple form, known as Watt's Governor, Is shown in the Sgure.
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When the shaft runs 00 fast the balla nise and hft the mechanism
ab¢; by means of levers attached {o 16 the
valve regulating the supply of stenm 1s
pJnx‘nlly c‘Iosed ond the speed i_s le:;se{:eg‘ .
2 b
R
te suppiy of steain, s0 1nal tne engine
Tuns at approximately a constant speed.

Prom the last result of Art 1401t follows
that, for o governor of & sfeam engine
totating €0 times per minute, the height
is about 9-78 wnches; for one making 100
revolutions per minate the height is 3 52
inches; ihis latter height is t00 small for practical purposes exevpt
for cxtremely small engines.

In order that governors may run at o high speed they are thersom
usually loaded by means of a spring or weight so adjusted gx 10357,
¢lower than 1t would be 1n an unloaded governor.

L e DE TP S I PR
Lutent of thg Tesction belances s weight, and the Yae s
component tends towards the centre of the ath dusisi gy et
centre of inextian of the man and his machine, god #15Ting Sis
necessary normal sccelernélon. B i

148. mMotlon of a rallway carTiage On s

4 : PR Brrttan, ot
the raligay Une, When, the il aro Jese, she gures 27000

Tet o be the velocity of the train, end «
described by 1ts centre of {nertia G.

¢ pReE s
L AT

. T T S LT
| peTyac 20 —
s g« -":sug

[ The wheels are omitted for the g, -
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Let 12 end S ba the reactions of the rails perpendieular to the floor
AD, and let 0 bo the inclination of the floer to the horizon.

\rmy

The resolved part, (4 S)sing, of the reactions in the direction
GO supphes the foree necessary to cause the acceleration towards the
centre of the curve .

E+Samo=m .o el
Also the vertical components of the reactions balance the weight
(B4 8) €08 8=MGurreer + ceree s (2]

[

2
From (1) and (2) tan o= %
giving the inchination of the floor.
1t the width 411 be given, we can now easily determine the height
of the cuter ail above the inner ; for it is equal to AB sin f.

e 1L sha asbam vall mast

' 3
{R+S)amos Xeossum L ()

snd (R4+5)cor8-Xsinb=mg .o o -l
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Hence we Lave

i
Y=m —;msﬂ—mg g

-
—messe[ D grund]

Pioy
=mc1)s0[ 8] by cquanon ¢

1t 1" excecd v, X is positive, and the side thrust is ceused by the
outer rail at 7.

1t 1 bo lesa than v, X 13 negative and therefors acts from A4 O I,
£0 that the side thrust 1s in this case cansed by the inner rul at 4.

FE TR LR R R -
. e A .
. . ..o 8 . - .
only rest at the lowest powut of the phere.

Let AD be the axis of rotation of the sphere, .{ being the highest
point, and let O Lo the centre, lek I be the position of the particle
when in relative cquill and PN the perp ondR

Now F descnbes a cirele about NV as centre with angular velocity
t, and thereforo the forco towards N must be mu? PN, or measin 8,
whero 13 the radiys of the sphero and 4 the angle POD.

The horizontal component of the normal renction, R, at I’ supplies
this borizontal force, nnd the vertical component bulances the weight
of the particle.

ence Rsin 0=moesing . .
and Reosf=mg . . (3
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From equation (1) we have, cithez sin §:=0, or R=muw’
Substituting for R in (2), we have
cosg= I R |
w'a
Hence the particle 13 exther at the lowest pount, where sin 8=0,
or at & point determined by equation (3). N
The value of ¢ given by (3) is unpossible unless g <u?a, i ¢ , unless

1
the angular velocity w 1s greater than ;” 7, It the angular velocity

be less than this quantity, the only position of relative rest of the
particle 18 nt the lowest point of the sphete.

EXAMPLES. XXIV.

T A emmam Af A emeee e £ 4 2T Lk 4V - T o2 o cbmnn af lanath
3 v
e
st . .

2, Shew that the inchnation to the vertieal of the stnng of &
comeal pendulum, when the string 1s 20 inches long and the pendatam
revolves 200 times per minate, is

54 |
cos7 joemyy due ; about 87°30".
A string, of length four feet, and having one end attoched tos

fized point and the other to a mass of 40 pounds, revolves, s & eon
pendulum, 30 times per minute; shew that the tension of the etring

]
13 160x7 poundals, and that sts inclination to the vortical s cos2 (;,).
f.e., about 35° 51", .

2323 s o fenl maint by D

move in o honzontal plane,

. 3 '3

* 5. A mallwny earnage, of mass 2 tons, Is moving at the e o
o] xsmxes per hour on a curve of 770 feet radins; 17 the outer Ex:
be not ratsed above the inner, shew that the lateral thrust of
outer rail is equal to the welght of about 1408 pounds.
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6. A train 1 travelling at the rats of 40 mules per hour on &
curve, the radius of which 1s a quarter of a mile. If the distance
between the mils be five feet, find how much the outer rail must
bﬁ mi?;ﬂ above the inner, so that there may bo no lateral thrust on
the rails.

7. A trin is travelling at the rate of 30 miles per hour on a
curve the radins of which 13 400 yards If the distance between the
raly be five feet, find how much the outer rail must be raised above
the inner 5o that thers may be no Interal thrust on the rals.

9. A mass is hung from the roof of n railway carriage by means
of a string, mx feet long; shew that, when the train i3 moving on
8 curvo of radius 100 yards at the rato of 30 miles par hour, the
mass will move from the vertieal through u distance of 1 foot 2} inches
approzimately.

10, A bowl, 3 inches deep, is mada from a epherical surface
whose radins {3 ¢ inches and rotates about its vertical axis, Find
the greatest number of revolutions which it can make m a minute,
it & particle can rest on its surface without bemng thrown out.

11, If 26 bo the vertical angle of a smooth hollow cone, whosa
axls is vertical and vertex downwands, shew that the distance from
is pus of & body, mosing in & circle on Ita surface and making
n revolutions per second, i3

geotd
N FET

PR P s Sy SR . .

" g0 without falling.

13, A hem riicle is comneeted an loextensible string,
PP WAooy B e S O R

ita borizontal posstion,

~ 14, Two particles, of the same ruass, are .
10 1be middle point and one extremuty of & weighlicss
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Ia1d upon o smooth table, the other end of the string being fastened
to & pomnt in the table. .

1t the etring be pulled tight, and the particles be so projected that
they always remamn 1n & straishé hine, shew that the tensions i the
4wo portions of the string are as 3: 2.

- . N Cv s ey —a—aqlod
fthe
ction

h.u"g’.
gr

.- . . et e
[

COMALE Wilh the Lable ¢

17. A wet open Tmbrelln 15 held with its handle upright snd
o DT ORER EPIIORE B e NP AT W econds.
. . A . ) )

inclinéd at an angle tan—'} to the vertical.

18, A particle, ¢ . . T T
end of a fine string
and supports at s o . .
being Leld &t a dista '
which m must be 1 | . . . (Y .
radins e,
N e eiiig ae 4o et mes olean? A o gmennth tahle end
R 10
. e st
. - q
b

20, Two masses, i and wt’, are connected by o stzing, of )gn:,'lh £
which passes through a small ring; find how many revolations ¢
gecond the smaller mans, m’, mast make, at a coniéal pendulan, 13
order that the grenter mass may hang at rest at a distance a from 1L®
oree
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21. A slring, pussing through a small bole in & smooth hori-
zontal table, has a small sphere, of mass m, attached to each end of
ity the upper sphere revolves in o eircle on the table when suddenly
it strikes an obstacle and loses half 1ts veloctty ; find what diminution
must, ba made i the mnss of the lower sphere, so that'the upper one
may continne rotatng tn a circle. -

22, A string PAQ) passes through a hole 4 m s smooth table,
the portion 4P Iying on the table, and 4Q being st an angle of 45°
to the vertieal, and below the table, so that 2 and Q are mn the
same vertical Line  If masses be attached at P and Q and, the
strings being stretched, be cach projected honzontally, find the ratio
of the masses, so that the plane P4Q may rlways be vertieal and the
nngle PA() always 45°, If the string be four feet in length, find the
time of revolution.

23, A body, of mass m, moves on & horizental table being
sttached to a fixed point on the table by an exiensible string
whose modulns of elasticity i3 A3 given the original length a of the
:;l;iing, find the velocity of the particle when it is desenibing o circlo of

us r.

24. A yparticle fs attached to n pornt 4 b{ an elastic string, whose
moduh‘u: of elasticity is twice the weizhs of the Jarticle and whoso
PV R A SISty CO A R ik i el

. '

L N T T

o 28, InEx, 8 find the lateral thrust when the velocity is (1) 80,
(2) 60 miles per hour, the mass of the camnago being 10 tons.

In ench caso state which il causes the thrust,



CHAPTER X.

MOTION ON A SMOOTH CURVE UNDER THE
ACTION OF GRAVITY.

145, Tae general case of the motion of a particle
constrained to move on a given curve under any given
forces, is beyond the scope of the present book; so /nlso
is the motion of o particle constrained to move under
gravity on a given curve. \

There is one proposition, howover, relating to the
motion of a particle under gravity which we can prove
in an clementary manner, and which js very useful for
determining many of the circumstances of the motion.

146. Theorem. If a particle slide down anarc e/
any smooth curve in a vertical plane, and {f v be its initial
velocity and v its velocity after sliding throngh a vertical
distance L, to shew that v*= v+ 2gh,

Lot 4 be the point of the curve from which the particlo
starts, and Z the point whose distance from 4, measured
sertically,is A Draw A3 and B.Y horizontal to meet any
vertical line in I and "

Let 2 and @ bo two points on the curve, very closo to
ono another, and draw PR and @S perpendicular to JIA
Then F’Q is very approximately a small portion of & straight
Line. Draw QF vertical to meet PR in V.
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The acceleration at 2 along PQ 13 gecos I'QP and
hence, if vp and vy be the veloaities at P and ¢, wo have
o rrd=v + 2008 TP PQ=v2+29.VQ,
Ledevp’=29.7Q,
.. the chango in the square of the velocity 1s due to the
sertical height between # and @  Since this 13 true for

every element of are, it 15 true for the whole arc 4B.

Hence the change in the square of the velooity in passing
from A to B is that due to the vertical height %, so that
P=ul+ 2k,

‘The theorem in the preceding article may be deduced directly from
the Principle of the Conservation of Energy.

For, since the curve is smooth, the reaction of the aro s alwavs
perpendicular to the direction of motion of the particle  Hence, by
Statzes, Art 198, no work 1 done on the body by the pressure of the
curve  The only force that does work 19 the weight of the particle,

Hence, since the change of energy is equal to the work done, we

o

¥ me?~ L mud=work done by the weight ~mgh,
L vi=ut+2gh.

147, If, instead of sliding down the smooth curve, the
particle be started along it with velocity «, so that it moves
upwards, the velocity v when its vertical distance from the
starting point is A is, similarly, given by the equation

! o=t 29k,
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Hence the velocity of tho particle will not vanish until
it arrves at o point of tho curve whose vertical height
u?

2bove the point of projection is

It will be noticed that the lieight to which the particls
will ascend is independent of the shaps of tho constraining
curve, nor need it continually ascend. Tho particle may
{irst ascend, then descend, then ascend again, and so onj
the point at which it comes to rest finally will bo at &

2
lneighb;:—g above the point at which its velocity is

It follows that, if a particle slide from rest upon a smooth
are, it will come to rest when it is at the same vertical
height 2s the starting point. An approximate example is
the Switch-back ralway in which the car almost rises to
the same height as that of the point at which it started.
The shght difference between theory and experiment is
caused by the resistance of the air and the friction of the
rails which, although small, are not quito negligible.

The heavier the car, the less will be found to be tho
difference Letween theory and experiment.

The cxpression for the velocity when the particle is at
a vertical distance 4 from the starting point is the same,
whether the particle be at that instant ascending or de-
scending. .

The theorem’ of the last article is true, not only of
motion under gravity, but also in any case of the motion
of a particle on a smooth curve under the action of a con-
stant force in a constant direction, eg. in tho case of
motion on a smooth inclined plane, if we substituto for “g”
the acceleration caused by the forces.
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it will be found to come to rest at a point ¢ which is
very nearly on the straight line BdA,.

Now drive in a nail at a ‘point 4; vertically below 4,
the nail jutting out sufficiently to intercept tho string.
Start the sphere from the same point B as before; it will
describe the are BD and will then move on an arc DC;
about 4, as centre. The point C, st which it comes to
rest will be found to be very nearly on tho horizontal
straight line, Reverse the operation, starting the sphere
from €, and it will be found to describe the path C,025.

Repeat the experiment, driving in nails successively at’
d,and 4,. In each case the same result will be obtained,
viz., that if the sphere started from B it will come to rest
at & point very nearly on the horizontal line through B.

If it were not for the resistance of the air which,
though small, 15 appreciable, the points €, Cy, €y would
be found to be accurately on the straight line BC. .

If & light ball be used, instead of the lead one, but of
the samo size, the resistance of the nir has a greater effect,
and in this case the amount by which the ball falls short
of the line BC will be found to be greater than in the case
of the lead ball

The same results will follow jf we drive in the nail at
any pomt P of the board within the triangle JAEC, so that
the string catches on the nail as it swings past.

149. Motion on the outside of a vertical eircle.
A particle slides from rest at the highest point down the out-
side of the arc of & smooth vertical circle; to shew that it
ewill leave the curve vehen it has described vertically a distance
equal {o one third of the radita.
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Let O be the point to which the string is attached, and
04 the vertical hino through 0
Let v be the veloaty of the
particle at nny point P of its
path, and 7' the tension of the
string there,
Let P be drawn perpend-
cular to 04, let AN =1, and let
the angle OA be 0.
Then, by Art, 147, R —'
W=wt— 0k, (1), A ymg

Alco, by Art. 135, m 1; = force at P along the normal,

PO, to the path of tho particle. v
— ~h
Somy =T-1ngcos€=T—nzng,

gl T olr
A Mem L‘iﬂéL_") :mw. 2.

These two equations give the velocity of the particle,
and the tension of the atring, at any point of the path.

The particle will not reach the highest point B if the
tension of the string become negative; for then, in order
that the particle might continue revolving in a circle, the
pull of the string would have to change into a push, and
this is impossible in the case of a string.

Hence the particle will just make complete revolutions
if the tension vanish at the highest point, where A=2r

This, from (2), is the case if

wWtg(r—6r)=0,

t.e., if u?=8gr, N
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Hence, for complete revolutions, # must not be less

than «/agr.
When = +/5gr, the tension at the lowest point, by (2),

=m 59_",:'_'2 = 6myg poundals.

Hence the string must, at the Jeast, by ablo to bear o
weight equal to six times the weight of the body.

*151. Newton’s Experimental Law. By using
the thearem of Art 147, we can shew how Newton arrived
at his law of impact as enunciated in Art. 118.

We suspend two spheres, of smalt dimensions, by parallel
strings 04 and 0"B, whoso lengths are so adjusted that when
hanging freely the spheres are just in contact with their
centres in a horizontal line.

One ball, 4, iz then drawn back, the string being kept
tight, until its centre is at a height A43f, (=/%), above its
original position and is allowed to fall. Its veloaity v on
hitting the second ball 2 is /Zgh.

. ° o’
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Let v and ¢” be the velocities of the spheres im-
mediately after the impact, and A’ and A” the beights to
which they risc before again coming to rest, so that

o = ¥, and v":ﬁﬁ':

The sphere 4 may either rebound, remain &t rest, or
follow after 2.

Taking tho former case the veloctty of separation is

40", ey NI (JK F JB)

Also the veloaity of approach was «/Zg. \/4.

We should find that the ratio of (/& +/A") to b
would be the same whatever be the value of A and the
ratio of the mass of A to that of J, and that it would
depend mmply on the substances of which the masses
consist,

We have only considered one of the simplez: cases. By
carefully arrengmg the starting points and the instants of
starting from rest, both spheres might be drawn aside and
allowed to impinge so that at the instant of impact both
were at tho lowest poiats of thewr path. The law enun-
ciated by Newton would be found to be true in all cases.

EXAMPLES. XXV. N

1. A particle, of mass 5 Ibs., hangs at the end of a string: 3 fceb
Jong, the other end of which i8 attached to a fised point; if be
prajected haﬂzanmll{ with & velocity of 25 feet per second, find the
velocity of the particle and ihe tension of the string, when the Jatter
i3 (1) horizontal, and (2) vertically npwards”

2. In the previcus question, find the least velocity of p:
that the particle may bs able to mnke complete revolations,
least weight that the string must be able to bear.

3. Abody, of massm, Is attached fo a fixed polnt O by a string
of Yenpth 8 feets it in hield with the string baorizontal end then Lt
all; find its velocity when the strung becomes vertical, and alzo he
tengion of the string then.

rojection

and the
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4, A smooth hoop, of diameter 9 feet, 13 placed 1n a vertical
plane, and & bead slides on the hoop starting from rest at the highest
point of the hoop; find its velocity,

{1} =t the lowest point,

(2) atthe end of a honzontal diameter,

(3) when it has described one-third of the vertical distance to the
lowest point, .

{4) when 1t has deseribed one-third of the arcual distance to the
lowest point.

5. A heavy particle 15 attached by a string, 10 feet long, to s
fixed point, and swung round in s vertical circle, Find the fenston
and velocity at the lowest pomt of the circle, so that the particle may
Just make complete revolutions

8. A particle slides down the arc of a vertical circle; shew that
its veloaity at the lowest pont vanes as the cherd of the ara of
scent,

9. A particle rans down the outaide of & smooth vertical circle,
mmnﬁkom Test ab 1t¢ hughest point; find the latus rectum of the
parabola which it deseribes after leaving the surface.

10, A ball, of mass m, is just disturberd from the top of a smooth
vertical circular tube, and runs down the interior of the tube im-

. punging on & ball, of mass 2m, which is at rest at the bottom of the
tubo; if the coeficient of restitution be 3, find the height to which
each ball will nise in the tube after the 1mpact.

11 me.

D R e .
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12. A cucnlar are, subtending 30° a its centre, is fixed in &
vertical plane so that its lughest point 15 in the same horizon
plane with 1ts centre, and a smooth particle shdes down this carve
starting from rest at its highest pont, Shew that the latus rectam
of the parabola, which 1t describes after leaving the curve, is hall the
radins of the cireular are.

. FRR 21 20 61 2 dactenod st
2

. s
. cB
with doable the veloeaty réqaisite for 16 to describe & complete cudle,

find the greatest and least tenston of the sirings

1f one portion of the stnng be cut when C is halfway between its
highest and lowest points, find the subsequent motion

14. A smooth tube, 11 the form of 7 sides of a yegular octsgoR
each of whose eides 13 a, 13 placed 5o that one extreme gide is lowest
and honzontal and the other extreme sida is vertical; an melastic
rarticle 13 Just placed inside and connected by o string passing theough
the tube with an equal particle hanging vertically; find the veloat?
of the parucies when the first leaves the tube, the corners of the tub®
being rounded off so thiat there 18 no impact.

15. Shew that the effect of the rotation of the earth is to lescen
the apparent weight of a body at the equator by iy of atsell tho
earth being assumed to be a sphers of radms 4000 miles.

Shew also that the apparent weight of a train ot the equatof
which 1 travelling enst at the rate of & mile per minuts, 1a decreasel
by about 004 of 1tsell, .

. 0 mem . g wortical

.. TN e Nal el il b an bnadacHn etring the otber
. . B I, with the
. ' " m
1. DBlowhl
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19, A particle is projected along the mnner surface of a smooth
vemcnl circle of radws @, its velocity at the lowest point being

xJJoya ehiow that it will leave the emrcle at an angulr distance
08”1 ¢ from the highest point and that 1ts velocity then 13 § o/15a.

U BRI an o e

through & circular ere the length of whose chord 13 G feet, shew
that the velocity of the shot was 1212 ft per sce

In general, if m and 3 be the masses of the bullet and box of
sand, 7 bo the length of ench vertical cord, ami k be the chord of

eco, tho velocity of the shot 1s 21 &

[We ean thus find the veloclty ol nny bullet. We have only to
determine experimentally the valve of k.]



CHAPTER XI.
SIMPLE HARMONIC MOTION. PENDULUMS

153. Theorem, If a point Q describe agircle with
uniform angular velocity, and if P be always the foot of the
perpendicular drawn from Q upon a fixed diamster A04
of the curcle, to shew that the acceleration of P is directed
{owards the centre, O, of the circle and varies as the distanct
of P from O, and to find the velocity of P and ils time
of deseribing any space. .

Let a bo the radius of the circle, and let the angle Q04
bo 6. Draw QT the tangent at Q to mect O4 in 7.
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Let w'be the constant angular velocity with which the
pdint @ deseribes the circle

Sinco P is always at the foot of the perpendicular to
Ad’ drawn from @, its veloeity and acceleration are the
same as the resolved parts, parallel to 40, of the velocity
and acceleration of Q.

By Art 185, Cor. I, the acceleration of @ is au’
towards 0.

Hence the acceleration of Palong PO = aw® cosf = u®, OP,
and therefore varies as the distance of P from the centre
of the circle

Also the veloeity of 2

=awcos QT0 =avsinb=w. PQ=wJa?—22. . . (1),
where OF is z.
This velocity 1s zero at 4 and 4', and greatest at 0.
Also the acceleration vanishes, and changes its sign, as
the polnt P passes through O,

The point P therefore moves from rest at 4, has its
greatest velocity at O, comes to rest again at A’ and then
. retraces its path to 4.
Also the time in which 2 describes any distance AP
=time in which @ describes the arc 4Q

8 1 -~ (m)
== cosd (=
o a,

Hence the timo from A to 4" =1 cos1(~1) =,
© ©

Also the time from 4 to 4’ and back again to 4

=2 e e (3)
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153. Simple Harmonic Motion. Def. If
point move in a straight line so that its acceleration is alieays
directed towards, and raries as its distance from, a fized
point in the straight line, the point is said to move with
simple harmonic motion,

The point 2 in the provious article moves with simple
harmonic motion,

Trom the results (1), (2) and (3) of the previous article
we see, by equating ' to g, that if a point move with
simple harmonie motion, starting from rest at a distance &
from the fixed centre O, and moving with acceleration
. 0P, then )

(1) its velocity when at a distanco » from 0 is

Ve @D,

(2) the time that has elapsed when the point is at &

distance z from 0 is»l cos1 f,
N a

and (3) the time that elapses before it is again in its initial
b g
sition is =,
position is =
The range, O4 or 04', of the moving point on eit.hef
side of the centre O is called the Amplitude of the motion-
The time that elapses from any instant till the instant
in which the moving point is again moving through the
same position with the same velocity and dire«ition is called
the Perlodic Time of tle motion, .
B 2
Tt will bo noted that the periodic time, 77, 4

ind d of the de of the 1

154. From the result (2) of the previous acticle, it
follows that, if ¢ be the time the moving pomt takes to
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describe the distance from rest at @ to the distance z,
then
& =acos (J;t)

From (1) it then follows that the velocity =
= Vp[ai—atoost (Vit)]
=a Jusin (V).

155. Examples of Simple Harmonic Motion.
This motion is of frequent occurrence in Physical and
Mechanical problems.

It is the motion of a point of a tuning fork, and of a
point in a violin string when the string is plucked sideways
The motion of a pendulum (Art. 158) is simple harmonic
when the angle through which it moves is small ; so also is
that of n mass tied to an elastic string or a spring and
allowed to oscillate up and down in a vertical line. The "
motion of the revolving mass of a Conical Pendulum (Art.
140) as seen from a distant point in its plane is simple
barmonic; and also that of Jupiter’s satellites when
observed from a distant point in their plane.

Generally the motion of all elastic bodics, in which the
force brought into play is proportional to the displacement,
follows the same law.

The expression Simple Harmonic Motion is often shor-
tened into sarn,

188. ¥x, 1. A pointmoveswith simple harmonic motion whose
period is 4 seconde; {f it atart from rest at o dixtance 4 fect from the
centre of (e path, fiud the time that elapres before 1 has described
B feet and the velocity it hus then acquired.

11 tho soceleration bo s times the distance, e hnvo ;i& oy

~ w=(3)

When the poins hns described 2 feet it la then at & distancs of
n,

2 foet trom the contre of ita motio:
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Hence, by Art. 153 (2), the time that has elspsed

=—1—cos“f——‘cos“ =2, 2 ocond
'z a" T i)"r"3°3 .
3

Also, by Art. 153 (1), the velocty 1t has acquired
= Ji@== \/ (g)s(é‘—?)=143 feet per second.

Bx. 2. 4 notnt storte fram =aa

(1) Let the ncceleration be u tunes the distance.

Then ax16=4, 1. p=}

Hence, by Art 153 (1), 1t velocity when ot a distance of 8 fee!
trom the centre = ~/§ (167- 8% = o/38=4 /3 fect per second.

Also its velocaty when passing through the centre

=4/} 162=8 feet per second
{2) Xspenodio ﬁma:%:!r:nbout 124 seconds.

Ex. 8. A light eptral apring, whose unstretched length is bemt
and wchose modulus of elasticity 11 the weight of n grammer, o
18 suspended by one end and has @ mas of m grammes at-
tached to the other; shew that the time of & vertical
oscillation of the mass is

or, /0L

N Wy B

Let 0 be the fixed end of the epring, 04 Its position
‘when unstretched. When the particle isad P, where OF =2,
let T be the tension of the spring. Then, by Hooke’s

w5

2-1_ 2zl
TS =y
Hento the resultant upward forco on Pm T~ g A
z-1 ny min
=ngit w1 x-——n——l:]. o

Let O bo a point on the vertlcal through O wuch that
min T
"Tn

oo 15
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Henca the resultant upward force on P

='_’z![op- 007 = '% op.

Hence the upward acceleration of P= 1%% O'P, i.e , 1ts motlon is

simple harmonic about (' as centre, gnd 1ts time of oscillation, by
Art 153, .

v i
nITAN 8yt .

1t will e noted that O’ is the point whers the mass would hang at
vest. For, of 1t were placed ab rest at 07, the npward tension would

Bty g
g @9t T,
7T T

dnd would therefore just balance its weight i

=2

- EXAMPLES. XXVI,
1. A particle moves In s straight line with simple harmonia
motion; find tha fime of an oscillatton from rest to rest when
{1) the acceleration at o distance 2 feet is 4 £t -sec units;
{2) the acceleration st a distance 3 inches is 9 ft.-gec. units;
., (8) the accelerahion at a distance one foot 13 x3£t -se0 units,
2. Inenth of the cases in the previous example, find the velocity
when the pomnt is passing through the centre of iis path, the am.
- }vhmdes of the motions being respectively 2 feet, 3 inches, and cne
oot

3. A particle moves In a siraight lne with simple harmonia
motion, and ita periods of oscillation axe (1) 2, (2) Y, and (3) = seconds,
respectively ; the amplitude of its motion in each case 1s one foot;
fine thl;a velority of the pariicle when moving throngh the centra of
it path,

ca a0 . .. . - PR

5. A polnt moves with 8. .5 1f, when at distanees of 8 and
4 feel from the centre of its path, is velocities are 8 and 6 feet
fer second respectively, find its period and its acceleration when ak

s greatest distance from the centre,
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6. A mass of one gramme vibrates through a millimetre on ench
side of the middle pomnt of 113 path 256 times per second ; assuming
1ts motion 1o be sxmple harmonie, shew that the maximum force upor
the particle is vy (512x)? dynes.

7. A horizontal shelt moves vertically with s.m,»r,, whose
complete pertod 1s one second; find the greatest amplitude in cent-
metres that 1t can have, s0 thut objects resting on the ehelf ma,
always remamn 1n contact with it.

8 Amass TNttt v -
stretches one ir .
end of the spr
held fast, fin . . ..
of the mass

9, A weight is attached 1o the lower end of  light spiral sprin
whose upper end 19 fixed and 13 relensed. If it oserlfato in a vertien]
1ine through & space of stx inches, what Is the period of its oscillation ?

10. An elastic string, to the middle point of which a particla is
attached, is stretcbed to twice its natural lepgth and pliced on &
smooth borizontal table, and fts ends are then fixed. The particle
is then displaced 1n the direction of the stnng; find the penod of
oscillation

11. A rod AB Is In motion o that the end B moves with nniform
speed u in & circlo whose centro is C, whilst the end A moves in &
straight hne passing through C. Il AB=[C=a, and AC=r, shew

2
that the veloelty of A s u “——-—=, and that 1t moves with simple

barmonte motion.

fHence we have & method of obtalning practically & simple
‘harmonic motion.  Let CZZ be & revolving crank and A & connceting
rod, of length equal to CD, attached t0 & point A, which, ns in the
case of the piston of n sieam engine, 18 :-ornrclled to move in &
straight line €A, Then the motion of 4 {3 simple harmenic.]

157. Extension to motion in a curve.

Bupposa that a moving point ” is describing a portion,
A0.U, of a curve of any shape, starting from rest at 4
and moving so that its tangential acccleration is always
along the arc townrds O and equal to u,arc OF, then the
propositions of Art. 153 aro true with alight madifieations

For let OB be a straight lioe aqual in length to the
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. are 04, and let I’ be a pomnt describing it with acceleration
piOP'; alvo let O'P =are OF.

Since the acceleration of P’ in its path is always the
same as that of P, the velocities acquired in the same
time are the same, and the times of describing the same
distances are the same,

- 8 [3
—————————

Hence
(1) The velocity of I = the velocity of 7

- =Jp{OF=0F") = Ju{(arc Od) = (arc OF)},
(") The tlme from 4 to P= tlme from B to P’

. (nrc 0

arc 04/’

S ~/ cos™! (U 7] ~/P‘
and (3)‘!1'}19 time from 4 to 4’ and back again = -?7’::

PENDULUMS.

158. Simple pendulum. A particle tied to one
end of & string, the other end of which is fixed, and which
oseillates in a vertical circle having the fixed point as centre,
is called a simple pendulum. B

The time of oscillation depends on the sngle through
which the string swings on each side of the vertical,

If however this angle of oscillation be small, we shall
show in the next article that the time of oscillation of the
pendulum is approximately constant,
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159, 'Theorem. If a particle be tied by a string to
a fixed point, and allowed to oscillate through a small angle
about the vertical posstion, to shew that the tims of a complete

oscillation is 2m \/3 s thera Lis the length of the string.

Let O be the fixed point, O4 a vertical line, AP a
portion of the arc described by
the particle, and Jet the angle
AQP be 6.

If 7' be the tangent at 7
meeting O in 7, the nceeleration
of the bob along T
=gsmnd
= gf, epproximately, 1f § be small

=9 xarc A2,
The acceleration along the tangent to the path there-
fore varies as the arcual distance from the lowest point

1t follows that the motion is harmonic and hence, by
Art. 157 (3), the time of & complete oscillation is inde-
pendent of the extent of the osallation, and equals

5,
\‘/_”y., ic %Jﬁ.

-

gix. Find the length of a pendulum whick will oscillate 56 times
in 55 seconds.
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The time of oscillation is 57} seconds  Tence, 1f I bo tho Jength

of the pendulum, we have

160. Experimental Verification. The important
result of the previous article may be easily vérified to
a fair degree of accuracy. We cannot actually make use
of the “particle” and the “massless string” of the mathe-
matical demonstration, but a small sphere, made of brass
or other metal, with a hook firmly fastened to it and a
light strong silk thread will make a very good epproxi-
mgtion.

Furst, to shew that the tume varies as the square roof of
the length.

Take several such spheres, and to them attach threads
the other ends of which are attached to fixed points; for
example by passing the threads through eyes screwed into
a fixed horizontal bar, and then tieing their other ends to
some convenient support. Adjust the lengths so that the
distances measured from the centre of the spheres to the
points from which the strings swing are in the ratios
of 1,4,9,16... [For example, let the lengths be 6 ins,,
2 ft., 4 fb 6 ins.,, 8 ft...] Start the b:l]s all swinging,
thmunh small a.nrvles ab the same instant. Their times of
oscillation will be found tobeas ), 2,8,4,.. ie as the
square roots of their lengths. This will be best seen
if the observer sets only two swinging at a time. For ex-
‘ample the first will be found to swing in half the time
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of the second, and hence will be found to complete every
second complete swing at the same time as the second
pendulum completes its swing.

So the first pendulum will be found to oscillate three
times for each oscillation of the third pendulum, and hence

every third oscillation of the first pendulum will be found
to end simul ly with ive swings of the third
pendulum.

Simlarly for any other case.

Secondly, fo shew that the time of oscillation is inde-
pendent, approzimately, of the material of which the bob is
made

Take spheres, of the same size approximately, but made
of different materials, provided that these materials are not
made of very light substances such as cork. As in the first
experiment attach them by strings of the same length and
set them all swinging together. This may be dore by .
pushing the spheres all side-ways to the same extent by
means of a board, and then sharply withdrawing the board.
The pendulums will then be found to swing in the same
time for a large number of oscillations provided the lengths
of the strings have been carefully adjusted so as to be
equal  After some time the spheres, made of the lighter
material, will be found to lag behind the others, this is
because the resistance of the air has more cffect on the
lighter than on the heavier sphercs.

Thirdly, to find the value of g by means of a simple
pendulum.

Take one of the spheres and adjust the length of its
string to a convenient distance, say about two foet. Care-
fully measure the distance from tho pomt of suspension of
the silk thread to the centre of tho sphere. Set the sphere



PENDULUMS 205

swinging and find the time 7' of a complete oscillation.
This is best done by observing the time of (say) 40
" observations and dividing the result by 40. [An ordinary
watch with a seconds hand will give sufliciently accurate
results.]
Then in the formula

T
)

of Art. 159, we now know both Z and 7} so that the value of ¢
4
=4 b

“ By the use of a logarithm Table, or by ordinary
calculation, we now easily obtain tho value of g correct to
the second plece of decimals in foot-second units.

Similarly, if we measure ! in centimetres, we shall get
the value of ¢ in the €. G.8. system

161. Seconds Pendulum. A secondspendulum
13 one which vibratey from rest to rest (i.e. makes half o
complete oscillation) in one second.
Hence, if £ be its length, we have

ter /L.

Y l=;a feet,

Since g varies at different points of the earth’s surface,
we see that the length of the seconds pendulum is not the
same at all points of the earth.

For an approximate value, putting g = 32'3 and ==332,
wo have

: =326 feet = 39-12 inches.

It we use the centimetre.second system we have, by putting =181,
1=99'3 centumetres

Tor tho Iatitude of London more accurate values are 89 13020,
incles and §9-413... contlmetres.
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EXAMPLES. XXVIL
[In the following examples, = may be taken to be 32.)

1. If g=322, what 18 the length of & pendujam vibrating in
2-5 seconds?

2. The time of a complete vibration at a given place of & pen-
dulum 64 metres long 1s 16 scconds; shew that the cortesponding
value of g 13 987 cm.-sec, nmts

3. A pendulum, 3 feet long, 13 observed to make 700 osciliations
in 671 seconds; find approzimately the value of g.

4, Given that the length of a seconds pendulum is 39 12 inches,
£ind the lengths of the pendulums which will wibrste m (1) hall &
second, (2) one quarter of & second, (3) 2 seconds,

5. How many oseillations will s pendulam, of length 53-41 centi
metres, make m 242 seconds 2t 2 place where g s 9817

. Shew that a pendulum, one mile in length, would oscillate in
40 seconds nearly.

7, Apendulum, of length 378 inches, makes 183 beats in three
munutes ut & certamn place, find the acceleration dus to gravity there

8. How many osclllations will & pendulam, of length 4 feet, make
1n one day? )

9. A pendulum, 450 feet long, has been suspended i the Eiffel
tower; prove thnt it makes a complets oscillation in about 234
seconds,

182. The result of Art 159, nlthon?h not mathematieally
securate,s very approximately so.  If the angle a throngh which tho
pendulum swings on esch side of the verticl be 5% the result 1s
within one two-thousandth purt of the accurate result, so that =
pendulom which beats seconds for very small oscullntions would Jose
about 40 seconds per day, if made to vibrate throogh 5° on each side

of the vertical

163. Thesimple pendulum of which we have spoken
ia idealistic. In practice, a pendulum consists of a wire
whose mass, although small, is not zero and a bob a4 the
end which is not a particle Whatever be the shapo of
the pendual the simple pendulum which oscill in
the same time as itself is called its simple equivalent

pendulum,




PENDULUMS 207

The discussion of the connection between a rigid body
and its simple equivalent pendulum is not within the range
of this book. We may, however, mention that & uniform
rod, of small section, swings about one end in the same
time »s a simple pendulum of two-thirds its Jength.

164. Acceleration due to gravity Newton dis-
covered, as o fundamental law of nature, that every particle
attracts every other particle with a force which varies
directly as the product of the masses and inversely as the
square of the distance between them,

From this fact it can be shewn, as in any treatise
dealing with Attractions, that a sphere attracts any particle
outside itself just as 1f the whole mass of the sphere were
collected at its centre, and hence that the acceleration
‘caused by its attraction varies mversely as the square of
the distance of the particle from the centre.

+  Similarly the attraction on a particle inside the earth
can be shewn to vary directly as its distance from the
centre of the earth.

Hence, if g, be the value of gravity at a height A above
the earth’s surface, g the value at the surface, and r the

earth’s radius, then gy:g: —,_:—h), ;,
r \?
50 that AT m) .

Bo, if g, be the value at the bottom of o mine of depth

.d, we have g,= g i—‘—;—‘—l . The value of g is therefore greater
at the earth’s surface than either outside or inside the earth,
185, We shall now investigate the effect on the time of

oseillstion of & simple pendulum dus 30 & amall change 1n the value
of g, and also the effect due to a small change in 1t length
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Ifa ,muruzmu of length 1, make n complete orciilations in & grven
time, to shew that

(1) _If g Ve changed to g+@, the number of oscillations gained
CES-3

(2} If the pendulum be taken toa height h above the earth’s surface,
the number of oscsllations lost 1 n ;’ o where r is the radius of the earth,

(3) If it be taken 1o the Lottom of & mne of depth d, the number
nd
ot g2,
() If 1ts length be changed to 1+ L, the nunther lost 13 ’-‘ 5
Tet T be the orignal ume of oscillation, T* the new hme of
oscillation, and n' the new number of oscillations 1n the given time,
80 that

nT=wT,
T . B
(1) Inthis caso T=2r\/5 and T _zf,\/;,

W T G_,.16 .
Hence bk ,\/1+§-—l+§ Fa approximately,

(by Dinomial Theorem, squares of %; bewng neglected) R

Hence the number of oseillations gupel =1 - =3 ‘3’ .

So, 1t g become g— G, the number lost is g%’.

() X7~ bothe viue ot gy ot o belght B e base

” - ('_:L), (1 +;) =1-2 approximately

Therofore G =9 2%, snd hence, as In (1), the mumber of oo-
cillations lost is nk N

(3 Ug-Cbe o valuo t a dopth 4, d, wotave g G g -dir,
50 that the number of esellaionsJost =5 £ - 2.4,

(f) When the length { of the pendalam 1s changed to I+ L, we

bave
T—zf,\/— and T7= \/‘”‘
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B

T PAN ] 1L
= (”T) =1-1 5 epproxmately.

Henc the number of oscllations lost=n ‘=2 2.

TFrom this article it follows that the height of a
mountain, or the depth of a inine, could be found by
finding the number of oscillations lost by a2 pendulum
which beats scconds on the surface of the earth.

" PN P .
of the en " . . '
the nunibs .- . T
the earth o ve sugu mues.

et g nnd{ De the nccelerations due to gravity at the gea-level
and the tcp of the mountain respectively,

1
Then g:g,::m%@:m.
g 4005\? (aol )
4060, 800/ ©
Bince the pendulum benu seconds at the earth’s surfuce, we have
.

. = ®

hélso. i T be the tune of oscillation at the top of the mountan,
we

Terx \/ = @
Dividing (2) by (1), we have

T=

Hence the number of beats 1n & day at the top of the mountain ,
86100 800
== 86400 x * 851

1
= 56400 ( 1- 50
' = 86400~ 103.
Therefore the number of beats 105t is 108

) approximately
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Bx. 2, A faulty seconds pendulum loses 20 secondt per day; find
the required alleration an tts length, so that it may keep correct tine.
The pendalum beats 86330 times 1n 86400 seconds, 2o that its lime

of oscillation is %; seconds Hence, 1f I be 1ts length,

8640 1
wE=" A 7 -0

hLec 1+ = be the true length of the seconds pendulum at the place. -
en

1=x, /22 L@
Subtracting the square of (1) from the square of (2), we have
2
1- 8_619) .2,
g
_ g {860\
=4[ () -]
2 2 \-1 7 83x7 4
=% [(1-m) -1] =257 [1+§5T0—1] approximately
3exd0 4 _ 49  otas
=-Z2F 5= ~ i oot — 018 fnch
Tence the pendalum must be shortened by -018 meh

167. Verification of the law of gravity,by means of the
moon's motion. We may shew roughly the truth of the
law of gravitation, by finding the time that the moon would
take to travel round the earth, on the assumption that it is
kept in its orbit by means of the earth's attraction.

Let f be the acceleration of the moon due to the earth’s
attraction; then, since the distance between the centres of
the two bodies is roughly 60 times the earth’s racius, we

' 1 1 _ g
have f:g ::W.'—‘, 50 tlmtf_m_
Tet v be the velocity of the moon round the earth, so
that, by Art. 135,

g
&0- =/ =600
T e

6

&
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Henea the periodic tume of the moon

= x G0r—v=2r 60 <,/ g—:secunds.

* Taking the radius of the carth to be 4000 miles, and g
as 32:2, this time is 274 days, and this is approximately
the observed time of revolution.

EXAMPLES, XXVIIL

1, A pendulum which beats reconds at Greenwich, whereg=382 2,
1s taken to another place whera 1t loses 20 seconda per day, find the
valze of g nt the Iatter place.

2. A ecconds pendulam, which gans 10 seconds per day at one
s}m. Toses 10 s0conds per day at another; compare the accelerations
ue to gravity a$ tho two places,

3. Assuming the values of g in foot-sccond units as the equaior
and the north pole to be 82 09 and 82 23 respeetively, find how many
seconds per day wonld be gnined at the north pole by & peaduium
which would beat seconds at the equator.

4. A clock with o seconds pendalum loses 9 seconds per day:
find roughly tho required alieration in the Jength of the pendulurm.

5. A clock gnina five seconds per day; shew how it may bo made
1o keep correct time.

0. It a pendulum oscillating seconds be lengthened by ita
gundmllh part, find the number of cecillations ft will loso 1n &
8y,

7. A umple seconds pendulam s lengthenad by »Xib inchs find
the namber of seconds it will Jove ia 24 hoars.

. 8. A simple pendulum pedorms 21 ecmplelo nbrations §n 44
abeonds; on shertening 1s length by 47 G373 centimetres it performis
21 complets vibrations 1o 83 seronds; find the vale of g,

D. A simple sacends pendulum eonusts of & heavy ball pucpendad
ty & Jong and very fine fron wire; it the pendalom be eorrect at a
Wmperatore 0°C | find Low many seconds it will pam, or Jow, in
i hoard 8t a temperstere of 20°CL, piven that the yon expands By

0213 of {11 Jengt: owing 1o this ris of teropersivre.

10. It asecnds pendatom lwe 10 socomds per day at the bottom
el mmine, 2ol o derchi e 1ho riing and e namlter of seconds that
be pendalom would Som when haltwsy down the mine,
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11, A clock, which a} the surface of the enrth gains 10 seconds
a day, loses 10 seconds a day when taken down a mine; compare the
sccelerations due to gravty at the top and bottom of the mine and
find its depth.

LTI TIUUE MR U

SURPE RINY

the summt of the mountain ?

13. Shew that the height of a hll at the summit of which
?. seconds pendutum loses n beats in 24 hours is approximately 245.n
eet,
—————

. A balloon ascends with a econstant necelerntion and reaches
& height of 900 fect 10 one minute  Shew that a pendulum clock,
which has a seconds pendalum and is earried 1n the balloon, will gain
ut the rate of about 28 seconds per hour,
15, A cage-Lift is descending with unis seceleration ; shew thata
pendutum clock, whick has & seconds pendulum and 15 carred with
it, wll lose at the rata of about 66 seconds per hour,

16, Shew that a seconds pendulum would, if camned to the
moon, oscillate in 2} seconds, rssuming the mass of the earth to
be BL times that of the moon, and that the radius of the earth 13 4
times that of the moon.

17, A rulvay tram 1s woving aniformly in a circolar curve at
the'xao of 60 miles per hour, sud in ono of o carringes & soconds
pendulum 15 observed to beat 121 times 1n 2 minutes, Shew that
the radius of the carve 1s about 1317 feet.

© 18, A particle would take a time ¢ to move down a straight tube
from the surface of the earth (supposed to be & homogeneous sphere}
10 1ta centre ; 1 gravity were to remain constant from the surface to
the centre, it would taka a time #'; shew that N
faxioge,
D, Asimple pendulum swings under gravity n such a manner
ﬂmtl,swhen lhf string is vertical, the force wlich If exerts on the
b is twice its weight; shew that the greatest inclination of the

string to the vertleal u;l.



CHAPTER XIL
CNITS AND DIMENSIONS

168, Wes we wish to siate the magnitade of any
toocree grantity we express it in torms of sone wnit of
the same kind st itself and we hwwe to state,

(1) what is the unit we are emploving and

{2) what is the mtio of the quantity we ar aw

sidering to that umt,

This Iatter ratio is ealled the pressine of the quantity in
terms of the unit.  Thus, if we wish to expros the hoight
of & myn, we may say thot it I sl foot, Now a foot it
the unit and six is the measure.  We might as well have
said that he is 2 yords, or 72 inches high,

The measure will vary reeveding to the unit wo emplay,
The measure of any quantity multiplied inte the unit

- employed is always the same (egn & yardsar6 foot e 72

inclles)~
_Hence, if Z and &’ bo the measurws of  physieal quantity
when the units used aro dewoted by [K) and [}, wo have
E[K} =R [K)
and henco [K]): (&) ::-}: : 2. ,
50 that, by the definition of varintion, wo have [K)e ;, i,

the unit in terms of which any quantity ¢ meamred vwrier
im\eruly as the measure and conversoly,
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169. A straight hine possesses length only, and no
breadth or thickness, and hence is said to be of one
dimension 1n length.

An area possesses both length and breadth, but ne
thickness, and is said to be of two dimensions in length
The umt of arca usually employed is that whose length
and breadth are respectively equal to the umt of length.
Hence if we have two different umits of length in the
ratio A:1, the two corresponding units of area are in the
ratio A*: 1, so that, if [4] denote the umt of area and
[Z] the unit of length, then

[d]ec (Z]

For example, 12 inches make 1 foot, but 144 {f.e, 12) square
1nches make one square foot.

A volume possesses length, breadth, and thickness, and
is said to be of three dimensions in length. The unit is
that volume whose length, breadth, and thickness are each
equal to the unit of length As 1 the case of areas, it
follows that, if {7] denote the unit of volume, then

[Fee [£).

Since the units of area and volume depend on that of
length, they are said to be derived units, whilst tha unit
of length is called a fundamental unit

Another fundamental unit is the unit of time, usually
denoted by [7]. A period of time is of one dimension in
time,

The third fundamental unit is the unit of mass, denoted
by [M] Any massis said to be of one dimension in mass.

These are the three fundamental units; all other units
depend on these three, and are ﬂlPrefore called derived

units.
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170. In Art. 9 we defined the unit of velocity to be
the velocity of n point which describes the unit of length in
the unit of time. Hence if the umt of length, or the unit
of time, or both, be altered, the unit of velocity will, in
general, be altered.

For cxample, let the umts of length and time be changed
from a foob and a second to 2 feet and 3 seconds. The
new unit of velocity is the velocity of a point which de-
scribes 2 feet in 3 seconds, ve., which describes % foob in
one second, te., is equal to frds of the original umt of
velocity.

Similarly, since a body is moving with unit acceleration
when the change in 1ts velocity per unit of time is equal to
the unit of velocity, it follows that the unit of acceleration
depends on the units of velocity and time, i.e., it depends
ultimately upon the units of Jength and time.

- Again, the unit of force 15, by Art. 61, that force which
_+in the unit of mass produces the umt of acceleration.
Hence the unit of force is altered when either the unit
of mass, or the unit of acceleration, or both, are altered.
Hence the unit of force depends ultimately upon the units
of length, tine, and mass.

171, 'Theorem. To shew that the unit of velocity
varies directly as the unit of length, and inversely as the
unii of time.

Inone system let the units of length, time, and velocity
be denoted by [£), [7], and [ 7], and in s second system by
27, [T’] and [V}; also let

* []=m[Z]) and {T’J nm
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Then & body is said to be moving
with the original unit of +elocity
when it deseribes a length {L]in tlme (r1;
therefore with velocity m [¥]
when it deseribes o length m {L] in time {7];
therefore with velocity ~ [Vj
when it dmcnbes 5 length m [Z] in time n [T],
theref p 2
erefore with velocity - (R
when it describes a length [7] in time [T]
But 1t is moving with velocity [/} when it descnbes 3
length [L7] in time [T’]
V== [V}
PP me n

i

kenve, by the definition of variation,
L) . -1
Vi H, e, [Z}{7]

172, Theorem, Toshew that the unit of acceleration
vasies directly as the unit of length, and inversely as the
square of the wait of time,

Take the units of length and time as before, and let
{F] and {F] denote the corresponding units of aecel

Then a body is said to be moving

with- the original unit of acceleration
when o vel, of {] per {2] is added on per {£7];
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therefore with acceleration m [I]
when a vel of m[/] per (2] is added on per [T1],
therefore with n,ccelerauun%‘ il
when a vel of m [I] per = [T s added on per [7];
therefore with acceleration - adyy]
when a vel. of m [£] per n[T] is added on pern[T],
ﬂ’Ef'Efox-e with acceleration - [F]
when a vel. of [L] per {7"] is added on per [T7].
But now the body is moving with the new unit of aceele-
Tation [ 7] ;
m
)= 517
L [P [Flemen?
LUy
1y 7y

Hence, by the defimtion of variation,

£ [72} e (2] 7T

- Pag o f Tamatb e Hen Taal i ¥, o

s oas b !
/ el HEr -
. o'y feet per second,., — p} I3
Hence tho new nnn of mccelerntion fs otk af 2 4 st
leeelenmo

Copne .

ie,...
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Otherwise thus; Taking the same notation as in Arts 171 and
172, we have
(L7=100{L], and [7]=50(T}
W:]JLJU:T‘_ =100 x50} = 0.0,
I¥]  [LMTY 50
F_iaer l_a ~100x (50t = 2100 _ 1
[F] [LNT] 3500 25
50 that the new units of velocity and acceleration are respectively
double and one twenty-filth of the original units.
¥x. 2. Find the measure of the acceleration due 1o pravity in the
yard-nunute system, assuming its value sn the fout-second system ¢
Le 822,
In g falling body s velocity of 322 ft per sec is ndded on per sec ,
.. 60x 32-2 ft. per minute 13 ndded on
per sec.,
60%x 32'2 ft. per minute js added on
pernun ,
607
5 %322 yds. per munute js added
on per minute

and

9
" the required messaro="CX322_5a540
This may be more copeisely put as follows:
Let 2 be the new measure; then -
x(F=332x [I],
jinlesnd 20 1
3x {60y~

111 _sa.
. a=s22x U3 —a20x N
¥] T
=39 2 Lec35610, 28 betore.

Bx. 8. Jf the acceleration of a falling body be taken as the unit of
aceeleration, and the selocity generated sn g falling Dborly in one minute
as the unit ofu!oculy,fnd the units of length and time,

Using the same notation 8s in Asts, 171 aod 172, the same noocle-
ration §s 1n tho two systems represented by

32,[F] and 1.[F7)
Y 1.[F1]=32[F)
LT LT e e )

1In ft.-sec. umts tha velocity generated in one minate=£0 x 32.

Hepco €0x82.[V] and 1.[F] represent the same velosity.

Hence
L ETT =00 x B2LLIIT e e o (D)
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Diriding the square of equation (2) by (1), we have
! i 77532

32
Tence, trom (2},
1 el 1
B R R TT i
- [T7}=60[T) =0 seconds=one minute

1£]=60° x 32 feet.

EXAMPLES. XXIX.

1. If the unit of langth bo cne mile, and the unit of time one
minute, find the umits of velocity and accelerntion.

. 2. Xt the unit of length bs one mule, and the vmit of time £
seconds, find the units of velocity and acceleration.

8. Xf the umt of velocity be u velocity of 80 miles per hour, and
the unit of time be one minute, find the units of length and accele-
ration

11 the unit of acceleration be that of a frecly falling body, and
the umt of time be 5 scoonds, shew that the umt of velocity 13 a
veloaity of 160 ft. per sec.

5. Yrhat must be the umt of length, it the acceleration due to
gravity be represented by 14, and the unit of ime be five seconds ?

8, It the unit of velocity be o veloeity of 3 miles per hour, and
the unit of time one nunute, find the unmt of length

7. 1 the acceleration of 1, falling body be the unit of accelern-
tion, and the velocity sequired by it in 5 seconds be the untt of
velocity, shew that the units of Jength and time are B0Q feet end
& seconda respectively.

8. What is the measure of the acceleration due to grawty,

(1) when a foot and half & second are the umts of length and time,
(2) when the umits are a mle and eleven seconds,
{8) when the unis are 10 yands and 10 minutes respectively?
9,. Find the measurs in the centimetre-minute System of the
e to gravity, & metre to be 39°37 inches.
+ 10. The seceleration produced by gravity being 32 1n ff.-sec.

units, find its messure when the umis are yygyy of an hour and a
, given i 28 1.

11, Xt the area of & ten acre field bo represented by 100, and
:};emelemuqn of & heavy falling particls by 58%, find the unit of
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174, Dimensions. Def. When twe say that the
I ions of a physical quantity are e, B, and y in length,
time, and mass respectively, we mean that the unit in terms
of winch the quantity is measured varies as

(e (rpa.

‘Thus the results of Arts. 171 and 172 are expressed by
saying that the dimensions of the unit of velocity are 1 in
length and -1 in time; while thuse of the unit of accele-
ration are 1 1n length and ~ 2 1n time.

The cases in Arts. 171 and 172 have been fully written
vut, but the results may be obtained moro simply as in the
foliowing article.

‘
175. {1) Velocity. Let v denote the numerical
measure of the velocity of a point which undergoes a dis-
placement whose numerical measure is g, in a time whose
numerical measure is ¢, so that
s=al
If [L}, [7], and [V] denote the units of length, time,
and velocity respectively, we have, ag in Art. 168,

1 B 1 do 1
st m, o« [7']’ an ccm.
L1 1 1 .
o mm m (,T]. .
Hence [7Yec (Z]{T1 ‘

(2) Acceleration. Tet v denote the velocity ac-
éluired by o particle moving with acceleration f for time 4
so that

ve=ft



S D)= [T < LYY
If the boly be very thin, so that it may be considered
23 a yarface only, we see similarly that the unit of sarface
denﬁgy

< [ [
8o, if the body be such that its breadth and thickness ey
neglected, (so that it is a material line only), we Lave
unit of linear density o« [M] {Z]
(4) Force. If p be the force that would peniree
aceleration f in mass m, we have p=mf.
He'nce, if {2’} denote the unit of force, we kave
[F) e PO {FY e (U] (2HTT™
(5) DMomentum. If & be the momerame, .7 & s
7 moving with velocity v, wo have
k=mr.
Hence, if [#7] denote tho unit of mery.r : e,

(E) e QO [P e {0300 o7y
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(6) Xmpulse. If { be the impulse of a force p ncting

for time ¢, we have
i=pt
Hence, if [/] denote the unit of impulse,
(7] e [P} {7 (M1 2] (7T,

so that an mmpulse is of the same dimensions as a mo-
wentum -

{7) Xinetic Energy. If ¢ bo the kinetic energy of
a mass m moving with veloaity v, we have

e=3im”
Hence, if [E] denote the unit of kinetic energy,
[#)ee [M] (VT [ (27 [2T

(8) Work. If w be the work done when a force p

moves 1ts point of application through a distance s, then
w=ps.
Hence, 1f [ I¥] denote the umt of work,
(7] e (7] (£ (7] [£] (7]

Hence work and kinetic energy are of the same dimensions.

(9) Power or Rate of work. If 2 bo the power at
which work v is done in time ¢, then

=¥,
?
Hence, if [#] denote the unit of power,
[#)e [FHIT e (] L] 777

(10) Angular velocity. If o be the angular ve-
locity of a point which moves with velocity » in a circle of
radius r, we have

w=';’=a7r". {Art. 26.)

Hence, if [@] denote the unit of angular veloaity, then

[0)=[F] (2] =777
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176, Ex. 1. If the wmt of mass be 112 s., the wmt of length
one mle, and the unit of tume one mrnute, find the wut of furce.

The unib of force is (Art. 61) the force which in umit mass
produces unit acceleration,

1 e., which in 112 Ibs. produces an ucceleration of 1 mile per min.

pe1 pun ,
Tew m 112 Yo o e por seo per
min ,
fe, m 112 Jbs %mxle per gec. per
BeC,,

te, m 112 Ibs, ”?# it per see
. por sec.,
fe,m 1 M TRxEXN2 . por
N - sec per sec

Houce thie new untk of foree =278 8 X1 pocugary

=1641% poundals=wt of sbout 5% Ibs.
Otherwize thus: By Art. 175 ({), we have
Py _poyaer’

P} ALY
_112x1760.3
= (XT3

112%1760 . 8 x (60)
=164y%, as befors.

Ex. 2. The hinctic energy of a body expressed in ihe foot-pound-
second gystem 1 1000; find ats valiwe w the metre-qrommentsmite
system, having given 1 foot=80 5 ems., and 1 1b =450 grammes, ap-
prozimately,

Let z be the measure m the new system, so that
.\ 2{E'}=1000[E},
te, SROHLTITT =100 NI (LT [T
Bub [A)=450[307, [L]=-305[L], and [T]=g5[2")
& x=1000x 450 x [ 3051 x 60
=2150,700,500.
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Bx 8 If the unt of velocity be 12 feet per yecond, the unit of
acceleration 21 foot-second unter, and the vt of force 20 poundals,
what are the units of mass, length, and time?

Find also the correspouding umt of work,

The unit of velocity [17] is equal to 12{}7].
(et =12yt b
The umit of accelerstion [F*] is equal to 24[F}
o WUPT =2y . @
The umt of force {P7] 1 equal to 20{P].
o DENEAPT =203 ERTT .. . (3)-
Dividing {2) by (1), we have
=2
- [T7]=3[T1="5 second.
Dividing the square of {1) by (2), we have
{zg= f:—“;’ [L]=6{Z]=6 feet.
Dividing (3) by (2), we have
[r1=5300=§ 1
Hence the required units of mass, length, and time, erc
15, 6feet, and Jsec.
Also, by Art. 175 (8), we have
) _QEETITT 5 aa (1)
M- mngriar e (‘)

s
. [P 5.%43’[:1’1:120 foot-poundals

EXAMPLES. XXX.

1.. If 39 tnches bo the unit of length, 8 seconds the umit of fime,
end i cwt. the unit of mass, find the unit of forcs.

M tho units of mass, length, and time be 10 Ibs., 10 feet, and

10 seconds respectively, find the tnits of force and wor
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4. 1If the umt of mass be 1 ewt , the unit of force thn weight
of ono 1on, and the unib of length one mule, show that the nmt of
time 13 §,/53 seconds.

G. If the unit of velocity be o velocity of one mile par minute,
the umt of neccleration be tEa acecloration with which thus veloaity
Wﬂ!ﬂd be sequured in 6 minutes, anl the umt of force be coual to the
weight of half & ton, find the units of length, tume, and mass,

6. If & hundredweight be the umt of mass, & minute the umt of
gllmle, xﬁ:l the unit of force the weight of a pound, furd the urut
ength.

7. It the unit of force bs equal to tho weight of 5 ounces, the
unit of time be one minate, and a veloclty of 60 fect per second be
denoted by 9, find the umts of length and mass

8. It 52 yards be the unit of length, a velocity of ene yard per
#econd the unit of velocity, snd 6 poundals the unit of force, what i3
the unlt of mass?

9, Taking s  rough approximation 1 foot =305 cms., 1 Ib, =453
ml‘nmc:, and the acceleration of a falling body =82 f&.-5ec. units, shew

(1) 1 Poundal=13316 Dynes,
(i} 1 Foot-Poundal=421403 Ergs,
{1) 1 Lrg=17416 x 10~° Foot-Pounds,
(1) 1 Horse-Powers=7 416 x 10° Lrgs per sec
10, In two differcnt systems of units an acceleration Is ropro-
tented by the same number, whilst a velocity is representet by
Bumbers in tha ratio 1:8; compare the units of length and time,
It further the of o body be tod by numbers in
@ Tatio § : 2, compare the upits of mass.

b 1. If the units of length, velocity, and force be each doubled,
ll"’ that the units of fime and mass will bo unaltered, and that
ol encrgy Incrensed In the ratio 1:4.

fo 12, 1t the unit of tume be one ‘hour, and the units of mass and
m"‘e 84 the mass of one bundredweight and the welght of m pound
Pectively, find the units of work nng momentam In absolate wnits,

sinl3: FInd & syetem of units such that the momentum and
BeUS eneryy of o mass of 4 Ibs ¢ moving with a velocity of § fect

Er second, may each ba numerieally equal to unity, and such that
@ unlt of foree may be the weight of ona pound.

14, I the
theumy
Iompee
friog .
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15. If the unst of work be that done in Iifting one hundredweight
through three yards, the umit of momentum that of & mass of
one pound which has fallen vertically 4 feet under grawity, and the
unit ‘of scceleration three times that produced by gravity, find the
amts of length, tume, and mass.

16. Tind the units of length, time, and mass supposing that
when & force equal {0 the weight of a grammo nets on the massof
16 grammes the acceleration produced is the unit of acceleration,
that the work done n the first four scconds is the unit of work,
and that the force is doing work at unit mte when the body 15
moving at the rate of 90 cms per second.

e . R AR
of length, time, and mass, - ' .

g f [ . 4 nttan mene

time, and mass.

. If the umit of force be the weight of one pound, what must
be tha umt of mass 50 that the equation P=mf may still be true?
Verification of formulae by means of counting
the dimensions, .

177. Many formulae and results may be tested by
means of the dimensions of the quantities involved. . Sup-
pose we have an equation between any number of physical
quantities. Then the sum of the dimensions in each term
of one mde of the equation in length, time, and mass
respectively must be equal to the corresponding sums on
the other side of the equation. For supposa that the
dimensions in length of one side of the equation differed
from the corresponding dimeusions an the other side of
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the equation ; then, on altering the umt of length, the two
merabers of the equation would be altered in different
ratios and would be no longer equal, this however would
be clearly absurd ; for two quantities which are equal must
bave the same measures whatever (the same) unit is used.
For example, 1f two sums of money are the same, their
measures must be the same whether we express the amounts
in pounds; shillings, or pence.
Again, suppose an equation gives us as a result that
3 feet = 10 seconds, this would be clearly incorrect.
So such an equation as
3= Bmu’ + 2fs,
raust be incorrect, for two of the terms are of no dimensions
in mass, and the third term, Bmu? is of one dimension m
mass. This lntter term 1s therefore the one that1s probably
incorrect,
Consider again the possibility of the equation
Prat 4 8mfis — 106=0,
where the symbols have the meamings we have used
throaghout this book.
Let us set down the dimensions only, they are, for the
several forms,
L} [Z . L L)) [L
2] [IT]],H[L] Lo {gf 12 {H} [[7]]

n
[ 2y
By Dgp @5
The equation is thus hopelessly incorrect, for the terms
have neither the same dimensions in mass, nor in length;

nor in time

So again if, in solving a question where we want the
work done, wo get na answer of the form
Weork = 3Pe + 3M,

88—
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this is clearly incorrect  For, by Art. 175, tho dimensions
of & Work are N
s
Pl
Also the dimensions of 4/Pv are
E10 [ e R (A
, e £ e VU
which is of wrong dimensions 1n both mass and time.
Also, the dimensions of 3.4y are
@)z,
Sy (i v
which is of the wrong dimensions in time.
178. Much information may be often ea.sxly cbbmned
by dering the d i of the q
Thus the time of oscillation of a simple pendulum (which
consists of » mass m tied by means of a light stiing of
length 7 to a fixed point) may be easily shewn to vary o3

te.

! . : I N

=. TFor, assuming the time of oscillation to be inde-
pendent of the arc of oscillation, the only quantities that
can appear in the answer are m, [, nml g. Let us assume
the time of oscillation to vary as m' g

The di ions of this quantity exp d in the usual

way are

- rpe8 ([£]YY
(£ {[[1]]} ,
or [ Lyt N
Now the answer is necessarily of one dimension in time,
and of none in mass, or length. Hence we have
a=0, f+ya0, and ~2y=1
s y=—1} ond B,

4
and the time of oscillation therefore oc /!_,. [Are, 159.]
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Table of Dimensions and Values of
Fuadamental Quantities.

Dimensions

Physical Quantity Mass  Length  Time
Volume density 1 -3
Surface density 1 -2
Line density 1 -1
Veloetty 1 ~1
Acceleration 1 -2
Force 1 1 -2
Momentum 1 1 -1
Impulse 1 1 -1
Kinetic energy 1 2 ~2
Power or Rate of work 1 2 -3
Angular velocity -1
Values of “g.”

Place Ft.-soc, units Conesec, umis
The equatot 32091 97610
Latitude 45° 3217 980 61
Paris 32183 980 94
London 32191 98117

‘" North Pole 32252 98311
+ Length of the seconds pendulum at Ifndon
. =39-139 inches = 99’413 centimetres,
1centimetre  =-39370 inches=-032609 feet.
1 foot =304797 centimetres
1 grainme =15'432 grains = “0022046 Ib
1lb. =453-59 grammes.
1dyne =weight of 1y gramme approx.
1 poundal =138.5 dypes.

1 foot-poundal =421390 ergs.

o
et
<



MISCELLANEOUS EXAMPLES.

1. A particlo falls freely from the top of n tower, and during the
last second of its motion it falls %ﬂx: of the whole height; what is
the height of the tower?

Q. A on mqeede Ll Tl M min L oo Latalk e d Arnd
w stone, . .
The lat . ' . ,
ground. . .
the ma -

drop.
3. A bullet moving with a velocity of 1200 ft, per sec hag this
velocity reduced to one-half after penetrating one inch into & target.
Assuming the resistance to be nmform, bow far will it penetrate before
its velocity 15 destroyed ?

4, Two scale-pans, each of mass 7 ozs , are connected by a hight
Inextensible striog which passes over a smooth palley, 1f 5 mass
of B ozs. be placed in one pan and one of 8 ozs, in the other, find the
pressures of the masses on the scale-pans. .

5. Two equal masses, attached by an Inextensible weightless
thread which passes over o hght pulley, hang {n eqmlibnam.  She®
that the tenslon of the thread is unaltered when 3th of its mass s

added 1o one, end gt of sta mass removed from the ofher.
6, A weightless stung, of length a, with masses m and 3n
WOy TOSNISE T O N AL RN able perpen-
t the height
o mass 3

. A particle falling under gramty describes 100 feet in a certaln
second; how Jong wiki 1 fake to describe the next 106 feet, the resist:

ance of the air being neglected?
It owing to resistance it takes -0 sec., find the ratio of the resist-
ance (assumed to be constant) to the weight of the particle.
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9. L pamiels Banciog veemenly foam 3 Swnd pom

B Eliny ef Jenh ¢ is profeesed Bomemmiy wik w
B 1058 the teneion of the siing when 1te pastied s a3 15 exd of
;,’Efm::::-.) EExTerer ix to it Rmmon when wrisle 1s 31 the
fgheet priet o5 221

NG

i 10, A Tooorortive engine drsws & dosd of m I vp an inclive of
incheation ¢ 2 the bomzon, the coct n bemga I
=3 formn rest a0 muning with mifarm sed - 18 degzives
Avelocity rin £ scoonds, shew that the avemze Bore power at nhich
the engin, . RO [T . ]
Zine has wor s 1 2 _ceosatsy .
wihedx;nm s cesatsinag

1L A 1oy is thrown op in a Lift with & veloolty u relative (o the

Tft azd 1he time of fight 1s fonnd to be ¢ Skew thay the Lft is

. 9y
moting vp wish g acceleration 22 .

.12, The ermabo fom o ctommepm b b e e e 2o mawth soian 3
It the dire . . . - 1.
84me veloeis , o S . .
the wing . . . " . P
the stearmer, "

13. A horse gnllops round a eirens, whose radios is €0 foet, with
# velocity of 15 miles per hour; shew that the least vslie of the

coelicient of friction between his hoofs and the groand is about 3.

. 14 Ashpeamage was detached from a train and broagh to rest

I8 % Sitintes dnsing which tume 1t eseribed. & Tistance o s toke

Assuming the retardation to be untform, £nd the velocity with which

the train was moving when the carnage was slipped.

. 15, A ship sailing saoth.east s¢es another ship, which {1 steam.

05 2% the same rate as itself, and which alwiys Appears to be ina
‘rection due east and to be slways coming mearer. Tisd the

ton of the motion of the sccob:
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%7. A particle moves from rest in a straight lino with nlternate
and retardat ol i and f/ daring equal
ntervals of tuxe £; ab the end of 2n puch intervali prove that the

space 1t has desenibed 15 - [(2n+1)f~ @n~1) ST

18, A particle s placed upon a rough honizontal plate (coeflicient
of fifction p) at & distance a from a vertical avis about which the
plate can rotate, find the greatest number of revolutions per minute
&mcli the plate ean make without the particle moving relatively to

e plate

, 19. A cannon ball has o range R on a honzontal plane. It hoand
1 are the greatest heights n the two paths for which this 1s possible,

prove that R=4 /3R

20. Tind the greatest angle through which a person can oscillate
on g swing, the ropes of which ean Just support twice the person’s
weight when at rest.

21. Two masses, m and nt', are connected by a string of given
length passing through & small emooth ring which tarns freely about
n vertical axis. The particle m' 1s made to rotate with angular
velocity « in n honzontal cirele, so that the parhicle m remains sb
Test hanpng freely {rom the ning.  Shew that tge distance of o' from

" mng
thering is 0,

22. T
in contact .
direction
centres. § .
w (mi o+’ an?a)
(W F st a)
of what 1t would havo been 1t the balls had been interchanged and =’
had recewved the blow.

23. A beavy {nmcle projected with velocity w strikes at an angle
ot 45° an fuelined pline of angle 8 which passes through the ‘le of
projection  Shew thnt the vertical helght of the point struck above

y wf Iicoty
the point of projection is 5 ey i L
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25. Two particles, of masses % and m/, are moving in parallel
struight hines at o distance u apart with given velocities v and v, the
Tatticles nre connceted by & stning of such a length that at the
instant when 15 becomes tant it 1s mnehined nt an angle a to the two
Panallel straight hines; assuming that v>v', shew that the impulsive

tension on the string at the fnstant 1t tightens 15 .,.“% (v=1")cosa

OR A pmanit o3 e ar PR . .-

i mumia 700

0 we plane face is

27. A particle s placed on the face of a smooth wedgo which
¢an slide on o horizontal table; find how the wedge must be moved in
order that the parficle may neither nscend nor descend  Also find the
pressure between the particle and the wedge.

9% A vawttale afeeoos L - . -

- my+my t Imy o

o 30: Tn & uystem of thres movablo weightloss pulleya in which all

Will descend with an acceleration of & .

31, Two straight railways converge to a level crossing at an
angle &, and two trams are moving towards the crossing with velocities
sunde, 1t g and b are the imiixl distanscs of the trains from the
€rossing, show Ut their least distance apatt will be
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32. It the distance between $wo moving points at any fime baa,
1if ¥ be thelr relative velocity, and if u and v be the components of ¥/
respectively 1n and perpendicular to the direction of a, shew that
their distance when they are nearest to one another is ; ,and that the
time thiat elapses before they nrrive at their mearest distance 15 ;’—'j -

33. Two particles, of masses M and M+m, are connected by a
light string and placed near one another on a smooth table; on the
string shdes a hight smooth gulley, supporting & mass A, which is
placed jJust over the edge of the tabls; find the resulting acceleration
of the pulley

34, In the system of pulleys where each stning is atiached to the
bar which supports the weight, if there bs two movable pulleys of
negligible mass and the power ba quadrupled, shew that the weight

will ascend with accelerstion 2.

35, 4 string, one end of which 1s fixed, Las slang on it & mass
of 31bs and then passes over a smooth pulley and has a mass of 11b
attached to 1ts other end; shew that tge larger mass descends with
aceeleration gand that the tension o the string is 13 lbs, wh

36. A cyclist, nding at & speed ¥, overtakes a pedestrian who eaz
move at a speed not greater than v, the two travelling along parallel
tracks at o distance d apart. Shew that if the cyclist rings bis bell
when at n distance Jess than, ¥ d, he may calely matntain bis speed

and keep to his course regardless of the behaviour of the pedestri
37. A boy throws a stone into the air with veloaty ¥ at an
enle-a) g ghrows

elevation a; after an Interval of time —F7————="—
Veosa+ ¥ eosa’]
another with velocity ¥ at an elevation a'; shew that the second
stone will strike the first,
38. A shot, of mass m, penetrates a thickness ¢ of a fixed plata
of mass M it M be free to move, and the resistance be su

uniform, shew that the thickness penetrafed is t

U+m

39, A string sustning & mass P at gns end, then passes over &
fized pulley, then nnder & movable pulley to which & mass R is
attached, and then over a fixed pulley and Is attached to a muss Qat
its other end. Assuming the masse3 of the stnng and pulleys to bo
neslizible, and that the parts of the stnng not In contact with the
pulleys are vertical, find the acceleration of 2 and the tension of tho *

string.
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40. A wedgs of mass ) can shide on A smooth horizontal plane,
and the wedge has a face Inelined at an angle a to the horizontal
Imtially the wedge is at rest and a particle of mass m 13 projected
direetly up the Inclined face. If tho particle rse o & height A above
the point of projectlon, shew that the velocity of projection ts

M+m

ogh -
{'gh M¥rmanial

AL, A particle s at rest on a rough plane (coefficient of fnetion 4)
inchned to the horizon st en angle a  The plane 18 moved hon-
zontally with a constant scceleration f in a direction AWay from the
article; prove that the particle will remain at rest relative to the
phne it !(#'Icmu - gEina

cosatputIna

42, A regular hexngon stands with cne sido on the ground and
& partiela ig projected 50 as just to graze 1ts four upper vertices Shew
that the velocity of the pasticle on renching the ground 13 to 1ts least
veloeity as 4/31 to 3.

43, In order to raise a weight which is half as much pgan as his
OWR & man fnstens & yope to {6 and passes the rope over a smooth
palley; he then elimbs up the ropa with an acceleration relative

o the tope of . Bhew that the weight rises with acceleration

g
7+ ond find the fension of the rope.

A4 8 woden o mong W oar] ersla o pon vamga franly e a amianih

T S T PLII B PR

Mimunta. cM-meanta,
where ¢ is the coefliclent of restitution

S T U VY

‘

46, A string, of natural length a, is stretched on a smooth fable
breen two fived points at a distance na apart and a purticle of mass
18 attached to the muddle point of the stning; the particla Is then
displaced towards one of the fixed pomnts through @ distance mob
exeeeding 2= o 4nd then liberated: shew that it will perform oscilla.

tlons in 4 period which 1s {ndependent of # and of the distance
through which 1t is drsplaced
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47. If the umit of kinetic energy be that of § Ibs. which has
fallen 50 feet from test, the unit of momentum the momentum thus
generated, nnd the umit of length the distance through which the
particle has fallen, find the upit of time.

48, Aparticle P moves in a wircle, of which 04 is o diameter,
and OY 18 drawn perpendicular to the tangent at P, Shew that the
veloeity of ¥ relative to P 1s equal 0 the velocity of P.

An M ol e e - .y

ot
it than g7 [? + h]

. 50; ‘A trun, of mass A, is travelling with uniform velocity on

them 1g 377, of the resistance to motion be uniform and propor-
tional to the weight, and the pull of the enginc be constant.

51, A small smooth pulley of mass 2 is lying on a smooth table,
a light string passvs round the pulley and has masses m and m
attached to 1ts ends, the tn.o portions of the string being perpendicular
to the edgo of the table and pussing over i3 5o that the masses hang

vertically’; shew that the acceleration of tha pulley 1s

dmm’
praryty e rrid B

2. Shew that, it the effcct of a horizontal wind on a projectile
be an acceleration f in the direction of the wind and the effect of the
resistance of the air be neglected, the latus.rectum of the path of
a particle projected with seloaity v at an angle a to the horizon in

the same vertical plane as the direction of the wind 18

202 (g cos a +f'sin a)?
et

53. A particle lies on a smooth horizontal table st the foob o£

2ghseca

U= i Feosapema)”
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54, erbes of 10 and 2 I hanging by verne w strns halanes
rvheclandaxle Ifamascof 17h headded to1l o emalicr neg b
£2d the seoeleration with whieh 1t ol hec.n ta Casoona and the
tension of each Tone, meglecting the Tass of the whee, and axle

35 In fhe dferenfial wheolamdane ¢ 1 the adus of the
wheel, and @ and b the valii of the two parts of the axde A weght P
1o the whecl-rope just keeps the svetom m aqulitram: v
P be dovhled, yrove thatat descends w.th raceleration
o
bt
the mass of the wheel and axle bang neglastal

538, A pertectly clastic particle 15 projected with & veloeity + 1n a
Trteal plane throngh a hine of greatost slope of an melmed phne of
flevation a3 if atter siiling the pans 1t pehoemic verilly., shew
that §t w3l retuen to the pamtof projection at the end of tnue

57, Two paleys, each of mass . are eonneeted by A rlung
bangdg over & smooth faed pullers string with masses I and S
2 s ends is hung over one pulley, and one with mwseee ra and 45
o7 throther, Ifthe system s free 1o move, shew that the aseelers-

tiew ol cither pulley 15

<5 58, A rough vertienl cirele, carrying a bead, turne fn e own
PLans aboat 1ts ventre w 1th nmform angular veloeity greator than

i 15t
A
:’Lhuea 2 the rdius and 4 I the coofliclent of feiction,  Hiwew that
® bead will neser ahip,

59. A particle is projected along the 1 hla of el hosp
. ject niong Lho inaldn of n verljsal b
n‘"f" its lowest pount wiih wuch a veloelty that 1t Ieaxes 1o hows 2itd
,M‘tl‘ms %o the pant of projection apaln,  Fimd tha velovity of pre
deetion and determne wheto the particle leaves tho hogs

1 80. A particle which hangs from &' fixed polnt by & shiing ot
il @ §5 projected Borizontally trom the poonn of oo
will b Jo101ty dua to a heighta+ . 1€ 382 ht, phow thnt Hon whring

Be locsa for n time ¢ given by the equatlon

2Tga® e 026 (Dat = LIUN
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P A e e

6l A
the other end of *
string 1s equal to
vertically down 11l 1w 4» fuul Wiies 108 Linuiis fengui, Uit ten s s
go. Shew that the particle will return 1o his pownt in ume

a 4r
,\/ H [2 N3+ T
whero 13 the unstretched length of the string

62. Twomen, 4 and B, each of mass m, st in loops at the ends
of a light flexible rope passing over a smooth pulley, 4 bemng % feet
bugher than B In s hands 15 placed a ball, of fmass 75, which he
instantly throws up to 4, so that it Just reaches him. Prove that
by the tine 4 has caught the ball he has moved up through the
distance v%; b, and that he will cease ascending when he has ascended
& total height of 55T .

63. A smooth ring, of mass 37, is thrended on n string whose
ends are then placed over two smooth fized pulleys with masses m and
m' tied on to them respectively, the vanous portions of the string
being vertieal The system being free to move, shew that the ring

Temain at rest
1,1
Hmtw

64. A particle, of mass m, is placed on the faca of & smooth
wedge, of mass M, which moves nli‘ong a smooth bonzontal table
being palled horizontally by & string which, after passing oves &
smooth pulley carries a mass (' hanging vertically, the motions being
all 1n o vertical plane passing throngh & line of greatest slope. Shew
that the accelerntion of m relative o the wedge 13

(M40 +m)sina+ 3’ cos e
Ui +mwata 7
where & is the inclination of the face. Find also the pressure of 7 on
the wedge.

e P S

6. A perfeetly elnstic ball 13 thrown from the foot of a plane
inelined at an angle a to the horizon. I aftcr stnking the plane st
a distanee I from the powt of projection It rebounda and setrnces 1t3
former path, shew that the velocity of projection is

gl (t+ 1) .
Zanw
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LS NN e - -

Mec 1%
g (e~ a)|

8, A railwny carriage is travelling on & curve of radins r with
veloogty ge 1o n s e S B0 2 d H

above the
distance b

. Ta
. o= /I8

69, Awedoe of maca 27 vacka - i% . -
ahorzor -
anangls - ' !
the table ' N

Fund the

1 10ve, s ereration, 18

moosasin(a-¢)~ene

s

Meos e +mBnann
70, Awipdaw fo e maeetoT s R
b frame.wora .
the cords bein )
the wirdow. .

tionf. Shew wavs=g gt Where s 15 the cocflicient of friction,

end g is the height and b the breadth of the window
71, A sreight of 300 1bs is lifted by a veriical force which vanies
continually ag the weight i3 rused according to the following table;
Heght in feet above the grounds 0, 1, 2, 3, 4, & 6,
Laftng force in lbs. wt.; 450, 320, 270, 410, 480, 610, 900.
Find at the.time when it is § 5 feet from the ground (1) the
potential energy stared in the mass, (11) the hinetic energy of tha mass,
(1) the work done by the force.
L2 .
o wuit, .
2 in inches o, 1, 3 8 4 5 &
Force in lbs, wt.; 22, 86-2, 445, 49, 52, 51'8, 48.
N Estimate the kinetio and potential energies of the mass when it
48 been Nifted 2 inches and 4 inches rospectively ond estimate the
velocity when 16 hea been Llted § ioches,
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73. Anengine pumps water through a hose, and the water Joaves
the hoso with a selocity v shew that the rate at which the engine s
working vanes ns vl

LT S

15 about 30 mtles per hour

TR A riloar trin af mase 3 mnn feacs caf wd ma sbebta bn

T .. .
T i . 0 . . - ' L "
d A N .
thay :
= fga

and that P nets for a time

,.an

-~ToE

76. A cyclist and his machine together are of mass 3 Ibs.; it he
ride, without pedalling, down an incline of 1 in m with n uniform
epzed of © ft, per sec., shew that to go up an incline of 1 in n at the
same rate he must work at & rate cqual to

1 17 ¢
ar 1T|+§]5T0'”

slways works n¢ o constant J.p.

79, 4TInd the veloaity ncquired by a block of wood, of mass
\'ﬁllbs » which 13 free to recoil when it is struck by a bullet of mass
= Ibs , moving with velocity v in a direction passing through its centre
of gravity. -
If the bullet he embedded a feet, shew that the resistance of tha
wood to the bullel supposed uniform is
m o*
T g e e
2
and {bat the time of penetration 13 % eees. during which time the

block wll move g a feet



ANSWERS TO THE EXAMPLES.

I (Pages 13—18.)

4. 100 feot, 5. 190°
7. At an angle cos-? ~$), te. 126° 52 with tho
current; perpendieular to the current so that s resnltant
irection makes an angle tan-1§, i.e. 59° 2', with the current.
8. 4,/3 miles per hour; 12 mues per hour,
8 Ab an angle of 150° with 4B produced; it will
striko X at right angles at the end of fifteen minutes,
0, At an angle of cos~i(=11) (=137 10) with the
direction of the ear’s motion.
1L /29 (=538...) at on angle of clevation of tan-'3
i‘ 217 48') with a horizontal lino which is inclined at tan™'§
=B3"8") north of east.

12 (f31)u; (Jo- 2 50 13. 60",

M. 14 nt an nngle cos=1]3 (= 21° 47°) with the greatest
velocity,

I (Pages 21—24.)
1 B3 ft, persce atanangle tan~t(—§) (= 143" 8) with
the direction of the train's motwon. |
2. 20-miles per hour at an anglo tan= 7 (=36"52)
west of north,
8. 13 miles pet hour north-east.
4. 10 miles per honr towards the south-cast,

- 39 miles per Lour in a dircetion cos™ g% (=67"23)
torth of east,

8. 32 miles per hour.

T 22 miles per hour at. 45° to the vertical.



it DYNAMICS

8. 7./5-272(=10 31)milesperhour. Draw 04 (=14)to-
wards the eass and 08 (=7) towards the south-cast and
complete the parallelogram OABC. Then OC isthe required
direction.

10. 5% secs. 13. 24 minutes, 6 miles.

14. 2/, ft. persec, at tan~?§ (=36°52) with Bd ; 3 feet
at the end of 13} seconds.

16. 4,/2 miles per hour towards the south-east.

17. Towards the east. 18. Svand».
IIL. (Pages 26—28.)
1. -?%’r radians per sec.

2. 8w radians per sec.; 50F ft. per sec.

L3 L] .
8. 0 ft. per sec.; 1800 radinns per sec.
4. 1:20:360. 5. 2} miles per hour,
D-d Sar
8. 5 V. 8. -

1} 60,/3 (= 103-9) miles per hourat +30° to the horizon.
1. 5_,;- radians per\sec.; 30 miles per hour.
12. 22 radians per sec.; 30 miles per hour.
13. 20 miles per hour; 10 miles per hour at +£60" to
the horizon; 10,/3 miles per hour at + 30° to the horizon.
IV. (Page 30.)

2. 5 miles per hour in a dircction tan~ 4 (= 53° 8') north

of west. }
3. bt per sec. as 120° with its original velocity.

. 20/Z=J3 (=15'31) ft. per sec. towards N.N.W.

5. 12 ft. per sec. at 120° with its original direction.
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V. (Poges 39--41)

T (1) 17 £, per sec., 473 feet. (2) 0; 241 feet,

(3) —55; 1 scos. (4) 3 ft. per sec., G secs.

2. 40 ft. persec.; 400 fect. 3. 40 secs.

4, 20 feosec. units. 5. 10 secs., 150 ems.
8. In 50 secs.; 25 metres 7. 18 ftsec, units.
8. 10 1ft. per sec., —} ft sec wnit.

9. 19 ft. per se ; 3 ft-sec units, 60} it
10, 5secs.; 1234t 11, 16 ft-sce. units, 30 ft. persea
12. 30 ft. per sec.; — 2 £t sec. units. 13. 301t
- .1 J“-l v/3 /2

secs, respectively.

T 15 In 2 secs. at 16 ft. from 0. 16. Yes.

17 Tts displacement is /61 +43 J2 (= 1097} ft.at an

- 9
angle tan-x:*3_~/*’ (=48"42) north of east.

upward:

18. 10 secs. or 30 secs. 20. 30} miles per hour.
21. 3235 fect; in the 4th sec., 24 ft.-sec. units.
22, 3725 feet; 3 ft.-sec units,

VI (Pages 46-48.)
l‘. 25 ft.3 -} sec. and 2} secs. '
2. () T 3% sec; (i) m 1} secs

3. Ini} uml 21 secs. ; 50 e

4 (1) 1600 ft.; (2) }./10 sec.; (3) 60 ft. per sec

5.\432(&. ‘{ 44 secs. '?/"m or 5% secs.
8 545 e, per see.; & sec. 8. 102 secs.



iv DYNAMNICS

10. 218 metres; G2 sces. 1. 3218
12. 900 ft.; 7% secs. 13. 100 fe.
14, 400 fe. 15, 1441t
16. 256 ft per sec ; 1024 ft.

17. ¢=5, Gt ft. persec 18. 7S84 it.
19, 1120 ft. per see 20. 150 ft.

VII. (Pages 50.)

1. 200 ft.; Ssees. 2. 16/3 ft. per sec.; 5./3 secs.
3. 30 4. 1.4
5. (1) —803ft, - 60 ft. per sec.
(2) 2173 ft; 92§ ft per sec.
6. 380% 7. costd, de, 75° 310
VIIL (Pages 54—57.)
1. 4080 ft. T2 lsee, 1} secs
3. 96 ft. per sec,; zero.
4. The first will have fallen through one-quarter of the
height of the tower. ,
34
5. 3
6. gk, A/gh, and 0, where b is the height of the plane
7. At the end of tune % (u+39%) from the starting of

: 1 -
the first particle and at a height of 5 (1* - 3576

8. 15secs. 9. 96t 10, 196 ft., 112 ft per sec.
11; The parts are 32, 96, and 160 feet; 3 secs.

10, d?coswn‘secﬁ. 20. \/f, (3_%). t
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ANSWERS v
1} ftesce. unity; 44 fesec. umits; 40 miles per
€0 miles per hour; 44 srcs., 1936 ft., 8 secs

3 ft.sec. units; 40 ft. por sec
13 ftosee. units; §3 ftosec. umtss 2 hrs 34 ming,

IX. (Pages 66—68.)
WL e % ©) ;% ft -scc units,

(1) 200 poundals, (2) 6} Ihs. wt.

15 Ibs, we 7. 153 lbs wt.
48 ft.sec. units; 720 ft. ¥

14 : 981 ; 140 cms. per sce.

73 sees.; 13} ft per see. 11. 2 min. 66 secs.
14 secs, 14, 180 feet.

363} cma. per see.; 181% ems. ; 21800 cms,

4905 kilogrammies. 17, 144 1bs,

12 lhs, 18, 731 Ibs whop 2373 Ibw, wt,
They are equal, 2. 110 )bs. wi.

133} it. per sec.

X. (Pages 81, 82.)
%; T3 Ths. wt.
(1) 4 ft.sec. units; (2) 7§ Ibs, wt ; (3) 20 ft. per

3., (1) 107 ft. per sec, ; (2) 813 £t.; (3) 640 and — 512
ft, fvspectivel):, e i i ¢
4 441, .métres;.wﬁ grammes'wt 6. By 21hs. wt,
2p “ m . 2
7002
RO 8 . 9% 18t



vi DYNAMICS

10. (1) Tgﬁ 5 (2) W5 sees. 5 (3) 38,/5 £t. per sec.
11. 2 seca.
12. (1) 2 ft-sec. units; (2) 212 Ibs. wh.; (3) 6 ft. per
wor (3 H 13 5 (3) P
3-2/2
13, =Yg Z(J/2 + 1) sec, 14. 40 ft.
15. 24 lbs. 10 oz 16. 5 ozs 17. In ratio 19 : 13

18. 2} and 3} Ibs. wt., %. 1. 29 £t. 9 s, nearly.
XI. (Pages 86—-88.)
L Rg; s 2. 40-6 ft. per sec., 96 feet.
2

3 L 4. %sec.; 8./9 ft. per sec

5. }a/5secs.; 125 ft. per see.

6. 16./5 ft. per sec., 80 ft. per sec.

8, The larger mass descends with acceleration

2,/3-3
59

8. 'The particles do not move. 10. 211714t
11, 605:18 12, (i).5 min, 8 secs. ; (i) 6776 foet,
13. 1 min. 425 secs.; 22583 feet,
14. B3¢ tons’ wt. 15. 1 mile 1408 yds.
16, 12243 yds. 17, 41105 feet,
18. 'B3} tons’ wi.; 1in 77 about; 1in 50,

XIL. (Pages 93--97.)

1. 7 Zero. 2, (i) 20 Jbs. wh, 3 (iz) 208 Ibs. wt.
3. 154 1bs. wte; 70 Ibs. wt, + 4

T5, 20578 ft. . )
6, 297 grammes’ wh; 270 and 264 grammes® we.
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. ANSWERS vii

3} oz wt. ; £, 8t ozs. wt.; 3 ozs Wt

igim

938 ton’s wt. 0. 394 lbs. wt. nearly.
7521 Ibs, wt. nearly. 13 10 hang vertically.
3:5. 16. 80 feet. 18. 6f tons.

a, 3we

2: 1 22. 19.. secs 23. ll'-@41"
7 goes up with ace. f‘s ; 3f goes down withace. 3 13
= dmnt! >¢ the scc. is D ,g

metn m+m
fy ft-sec. units. 28. 59

320 feot ; 28 miles per hour

XIII, (Page 102.)

43 ft. per sec. 4. 6} ft. per sec.
. 173 6. por sec. 6. CB..ft. .
939 tons’ wt. 8. 1431 ft. per sec, nearly,

XIV, (Page 105.)

160, 2. 213% 3. 119-46.
14685 Iba. wt. 5. 213 6. 68
7,302,000 ft. Ibs. ; 746 ;- 8. 152 ft. Ibs.

209-2...tons’ wt.

XV. (Pages 111, ‘112)
(1) 5120, (if) 1‘780, (iii) 0, units of kinetic energy.

, 15625, 3. 125 %10

625 x 10 ; 3125 x 10° 5. 316042 ft. lbs.
1:2;15:1; 300 and 600 pounduls' 600 and 20
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XVI. (Pages 114 -117.)
3. 896000 units of impulse, 4 ft.
4 3t F/10 (=-226...) secs., .
5. 7997 cmns. per sec. ; 40775 grammes’ wt, nearly.
6. Wt. of 104 ewt.
7. The masses move with a velocity of 24 ft. per sea.
8. 5.6 ft. per sec.; 4./30 ft. per sec.

11 g’i' where  is the common velocity.
12, 2 13, 71t 26} sees
Mam ’
14. The velocities become ultimately equal.
16. 169:1. 17, 203 ft persec.; 560,000 ft.-lbs,
18. 113} tons® wt.; 28, 233, 333} ft.Ibs.

19, 118 tons 2L 8520 ft.bs.
88Rn
22. 1018 n B

24, 31bs. wt., 24§ lbs. wt.
26. 33} units; 17 lbs Wt ; g4y imop
27, 6912 1bs wt

XVIL (Pages 127, 128.)

L (D164t 2 secs ; 11049 f6.; (2) 75 ft. ; 433 sees.;
173 2 §t.; (3) 134 4 ft; 5795 seca’; 134 ft.; (4) 205 f1, 5
73 secs.; 1 200 ft

2. 72it; 112} fc., 319} .

3. 2609 55...metres; 632:39...metres.

4. 401 secs.; 20 metres,

6 1333} ft. por mc. 7. 2h; 2k
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8. 501 at tan-t ' (=28° 36") to the horizon.

8. (1) 1617 (=65'97) ft. per sec at tan-' 4 (=75"58)
with the horizon.

(2) 16,437 (= 97-32) ft. per sec. at tan—! 6 (= 80° 32')
with the horizon.

18, 5543 yards nearly. 11, 13 secs.; 8328 ft

1. 40,/6 (= 97-98) ft. per sec. at 45° to the horizon

14 80110 (=839-04) ft. per sec., 48,/110(=503-4)
ft. per see, n

B1:43;1:1. . 17, (1) 45°, (2) 30°
18. 15° or 75°.

XVIO (Page 133.)
L. 2500 yards; 21-7 secs.
5 P2 v
2 Ata distance © (V3-1); b
sayl, 075 nealy; §(5 /2 0, i, 12 con merly;

4 (1) 16000 £&.; (2) 112000 ft.

5 11716 ft. and 27 secs. nearly; 10718 1, and 259
sees. nearly ; 19048 ft, and 34 4 secs, neatly; 144444 ft.
_and nearly 30 gecs,

6. 2999 yards nearly ; 17071 yards nearly.
8. 84:95 metres; 441+4 motres

XIX. (Page 138—141)
L A cirele of about 91 miles radius.
+ 2 About tan-! 1 {i.e. 5°43) to the horizon.

3. 3} fu; 9185... £ 4. About 121 ft
i 5. In bth see, at s point whose horizontal and vertical
ista)

nces from the firsy gun are 47-63, . and 2746 ft.
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8 80° 14 39 \/

g
15, The rfle must be pointed at the balloon ; the bullet
will atrike thie body when 1t has fullen 16 ft

18. 2} lbs 10, 56 ft.; 293245

20. 372} ft; 324 ft., 225 f&.

w, . .
21, —(sin a1 coga) secs,, where w is the velocity, and a

cosa

the angle, of projection.
23, 80 ft. per sec.
XX, (Page 148.)
1. 729 fe
6. 2J13(=7-2) ft. per sec. at tan“»ﬁ—3(= 16°6") with
the plane,
8. (1) 4./43 (=36 2)ft. persec. at tan-t %‘E(ssz'%?
with the plane;
(2) 202(=283) ft. per sec. at tan—! §(=36°52)
with the plane, .
(3) 4./57 (= 30-2) ft. per sec. at tan-t %3(223'25’)

with the plane.
XX1, (Pages 154—168.)
1.7 48 and 45 ft. persec. 2. 32 and 511 ft. per sec, *
3. The first remainy at rest; the secom] turns back
with a velocity of 6 ft. per see. .
9. (1) The masses are as 3: 1; (2) the veloc.ms are

asl:2
11. " 566... and 9 5 secs,
17, SJSu(=ux1l- 180...) at tan-1} (= 26 31’), and
G05u (=u x 14:318...) at tan—? % (= 12°6)
w:th the line of centres.



ANSWERS xi

XXIT. (Pages 162--164.)
8. 60 ft.; 3:464 secs. 4. 8secs., 443 4 {1,
6. At a distance A from the foot of the tower.
' 9. At apoint distant yith of the circumference from

the starting point.

16. 4elmn*acose 17, 2/3ne(l+e) ft.

19. Draw BN perpendicular to the vertical plane, and
produce to € so that LV =<e, CX, the required direction
18 then AC.

XXIII, (Pago 172)

1. 60 poundals. 2. 286. 3. 483.
5. 24 ft. per sec. 8. About 13-4
7. 1y3y tons’ wt. 8. 243 tons’ wt.

XXIV. (Pages 178—18L)
1. About 5-66 Ibs. wt.; about 8:24 ft. per sec.
4. 12 ft, per sec. 6. 49 inches.
7. 302 inches, 8. 618 inches.

10. 60 J%:abouthS. 13. 371:369 : 370,

18. m (g — 4='n'b) poundals; 51; 18.  «/3ge.
10, mo? s o7, 20, L s

=N me—a)
2L Tt must be reduced to one quarter of its original
value,

2 1:yn; DT Ese 28 /27020
25. “(1) 57 ton's wt on the inner rail approx.; (2) ‘80
ton's wi. on the outer rail approx.
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. (Pages 180-.183.)
1. (l? "0 8 ft. per sec.; 22:6 Wbz wt.; (2) 155 ft, per
sec.; 7°6
2. 219 ft pcr sec.; 30 1bs wt. '
3. 8.3 ft. per sec.; 3mg.
4, (1) 24fe per sec 3 (2) 12/2ft. per sec.; (3) 8,/3 ft.
per sec.; 12 ft per s
5. G times the wt of tho particle; 40 ft por sec
6. 448 ft. per sec.; wt. of 9 ewt , wt. of 4} ewt.
8. 3£ of the radius of the circle.
10. 8dl an
11 e=}. 13, 7./3m lbs, wt., 5,/3m lbs. wt.
4. LVga(28-2.2) 18. 12 ft per sec.; 9ins.

20. 80 cws. nearly.
XXVL (Pages 199, 200.)

d md, where d is the diameter of the circle, @ =~

L (1) dm/2secs; (2) %secs.; (3) 1sec R
2. 2./ 13, and = ft. per sec,

3. (1) = (2) 32, and (3) 2 ft. per sec

4. 346 {t. per sec, 5. msecs.; 20 ft..sec, units.

v, 25 centimetres nearly. 8. 4ins; 111 secs.
2. H J” secs. = 56 sec.

10. = ,\/ 3 , whers a is the unstretched length of the

string, A its modulus of elasticity, and m the mass of the)

particle.
XXVIL (Page 206.) .

1. 204 ft 8. 32:249,

4 (1) 978 m& (2) 2 445 ins.; (3) 15648 ins.

5. 830, 7. 3% 8. 77756 nearly.



t
o o

19,

ANSWWERS xm

-XXVII, (Pages 211, 212.)
32185, 2. 100046 :1 3 About 215
It must be shortened by 008 inch.
It must be lengthened by 0045 inch.
432, 7. 55. 8. 981
Tt Joses about 10 secs, 10. 1630 yards, 5 secs
10005 = 1; 1-852 miles.
10-8 secs. ; about -01 inch,

T 5eC8. ) 'L?_»t ; 3 ins. per sec

XXIX. (Page 219.)

83 f6 per sec, ; $% ft -seo. units

- 1320 ft, per sec.; 330 £t -sec. umts.

880 yardsy 1} ft.sec, units.

573 feet. 6. 58 yds.
(1)'8, (9) 11, (3) 384000 9. 3511303,
12613, 1L 11 sees.

XXX. (Pages 224-—226.)
404 poundals, 2. 1 poundal; 10 foot-poundals.

§ sec, 5. 8800 yards; 300 secs.; 54y tons
342¢yards | 7. 400 fh.; 90 lbs.

ks, - 0. 1:9;1:3,2:15

4 <1204 115200. 18, 1 ft.; § sec., 8 Ibs

B0 ft.; 5 secs.; 2 lbs.

14112 yards, 21 soes.; 1dy Ib.

1821.., metres, 545 secs.; 4-30... grammes.

I nile; 8 minutes; 9947 tons.

600 ft,; 72 sees. 5 1200 lbs,

234} wiles; 153 minutes; 88 tons. 20. g ls.
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MISCELLANEQUS EXAMPLES,
[Pages 231—240.]

1. 144 feet 2. 576 feet ; 6 secs,
3, 1}inchs 4. Tloz wt; 5% oz wt
T . 917 : 169 5
7. 77 .sec.; 217 : 162, Moo
15, South-west, 18 ¥ \/ =4
k4 a

20. 60° on each side of the vertical

27, With an acceleration gtana toward the side on
which the particle is; seca times the weight of the particle.
2 +m

1 _g_ —_—
20, 53} lbe wt., Z. . e

+

1 1 4 1.4
® (prg-2)-(prgr2)i (g i)
43, 12 times the weight of the man,

47, 8%secs 54, %{; 2% Ibs. wt.; 102 Ibs. wt.

59. ,\/7%9, nt a pomnt where the radius makes an

angle of 30° with the horizon
M+ M -2 tana

B4 g cos & e m e

mcosasinag -
M+ mcosTa’”

71, 1650 ft. Ibs.; 7375 ft. Ibs, 2387 5 ft. Ihs.

72, 2+45...and 3% ft. Ibs ; 389 .. and 101t 1bs.; 39
ft. per sec.

7. 3 Jbs, wt.; 274 miles per hour,

60, The coeffcient of friction must be <
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